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The equivalence problem of curves with values in a Riemannian man- 
ifold, is solved. The domain of validity of Frenet's theorem is shown to 
be the spaces of constant curvature. For a general Riemannian manifold 
new invariants must thus be added. 

There are two important generic classes of curves; namely, Frenet 
curves and a new class, called curves "in normal position" . They coincide 
in dimensions < 4 only. 

A sharp bound for asymptotic stability of differential invariants is ob- 
tained, the complete systems of invariants are characterized, and a pro- 
cedure of generation is presented. Different classes of examples (specially 
in low dimensions) are analyzed in detail. 
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1 Introduction 

A fundamental problem in Riemannian Geometry is that of equivalence of ob- 
jects in a determined class, namely, to provide a criterion to know whether two 
given objects in this class are congruent under isometries or not. Below, this 
problem is solved in full generality for the simplest case: That of curves with 
values in a Riemannian manifold. 
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For the Euclidean space K m the equivalence problem is solved by virtue 
of the Frenet the theorem: Two curves parametrized by the arc-length are 
congruent if and only if they have the same curvatures, n\, . . . , n m -i] but the 
domain of validity of Frenet's theorem is too restrictive. In fact, Theorem 17.11 
states that Frenet's theorem classifies curves in a Riemannian manifold (M,g) 
if and only if it is of constant curvature. In consequence, in spaces of non- 
constant curvature new invariants are required (different from curvatures Ki) 
to classify curves and, although by means of curvatures a given curve can be 
reconstructed (see Theorem 13.61) , the role of such invariants becomes weaker in 
spaces of non-constant curvature, even of low dimension (see Theorem 18. 13|) . A 
generic Riemanniannian metric in a compact manifold admits no isometry other 
than the identity map (cf. [7], [8]). Therefore, the difficulty of the equivalence 
problem is closely related to the size of the isometry group. 

Below, the equivalence problem is solved in general by means of functions 
that are invariant under the isometry group of the Riemannian manifold. In 
this way, a totally general result is stated for their solution in Theorem 14.41 
Essentially, it gives a set of invariants that, together with the classical Frenet 
curvatures, solves the congruence problem; but it has the inconvenience of using 
a redundant number of invariants (cf. Remark l4.81 Theorem lS.lOp . The remarks 
following its proof (see section |4~3"|) show, however, that this is the best general 
result that could be expected. Furthermore, certain classes of Riemannian ma- 
nifolds can be characterized by means of their invariants; e.g., symmetric spaces 
(cf. Theorem 16. 2p or Lie groups with invariant metrics (cf. Proposition l8.6p . 

The study of invariants is developed in section [5j where the main questions 
on such functions are solved for an arbitrary Riemannian manifold: The theorem 
of asymptotic stability (Theorem 15 .41 and Corollarv l5.5[) . the completeness theo- 
rem (Theorem l5.9l) that allows us to solve the general problem of equivalence by 
means of a complete system of invariants and the theorem of generation of in- 
variants fTheorem l5.11 [) . An interesting consequence of the generating theorem 
proves that the ring of invariants can be generated by means of m invariants 
(where m — dimM) by taking successive total derivatives with respect to t. 

In |14j the number of differential invariants with respect to the induced op- 
eration of the group G on jet bundles J r (R,G/H) of the homogeneous space 
G/H, is calculated without assuming G is the group of isometries of a metric. 
According to (2pJ IV, Example 1.3], if the subgroup H is compact, the quo- 
tient manifold G/H admits a Riemannian metric left invariant. The converse 
statement also holds true, as the isotropy subgroup of a point in a Riemannian 
manifold is compact (cf. I; Corollary 4.8]). Moreover, it should be noted 
that most part of the results in [14] hold in general, i.e., without assuming 
the manifold to be Riemannian homogeneous, as shown in Theorem 15.111 and 
Remark 15.121 below. 

In section 13.31 two basic existence theorems for the generic class T of Frenet 
curves are stated. The first result (Theorem 13. 6[) is a generalization to arbitrary 
Riemannian manifolds of the existence of curves in Euclidean 3-space with given 
curvature and torsion, but the second one (Theorem 13. 7p is completely new. 

In addition to Frenet curves, another generic class M of curves in a Rieman- 
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nian manifold is introduced in Definition 12. 31 which seems to be the natural 
setting for the statement of the asymptotic stability theorem (Theorem 15. 4[) . 
The classes T and M are compared in detail in section 13.41 As it is proved 
in Theorem 13.101 if either dim M = m < 4 or g is flat at a neighbourhood of 
sc , then F%~l(M) = N^^(M), (t ,x ) 6 K x M, In general, however, both 
generic sets of curves do not coincide, as shown in the examples 13.111 and 13.121 
Finally, we illustrate all these results by studying several important examples 
in detail: Theorem 18.11 summarizes the structure of invariants on the Euclidean 
space and, in particular, it shows that the curvatures constitute a basis of in- 
variants on the full set of Frenet curves; in section l5T2"l the Riemannian manifolds 
(M,g) with Killing algebra i(M,g) such that dimi(M, g) < dimM, are studied; 
in section 18^31 the case of an arbitrary Riemannian surface is tackled. Theorem 
18.101 proves that a finite basis of invariants can efficiently be computed for a 
generic metric g; section 1^41 presents the computation of a basis of differential 
invariants (with their geometric meaning) for Riemannian homogeneous com- 
plete 3-dimensional manifolds, according the dimension of their Killing algebra 
be of dimension 4 or 3, as the solution to the equivalent problem is completely 
different in both cases. As a by-product of the results obtained above a explicit 
geomeric desciption of invariant functions in complete Riemannian manifolds of 
dimensions 2 and 3 is provided. 

2 General position 
2.1 Definitions 

Definition 2.1. A smooth curve a: (a,b) — > M taking values into a manifold 
M endowed with a linear connection V is said to be in general position up 
to the order r, for 1 < r < m = dim M, at to g (a, b) if the vector fields 
T a , \7 T ,T a , V; r - 1 T ff along a are linearly independent at to, where T a is the 
tangent field to a. The curve a is in general position up to the order r if it is 
in general position up to this order for every t £ (a, b). 

Geometrically, a curve in general position is as twisted as possible. For 
example, if [M, g) is of constant curvature, then a is in general position up to 
order r at a(t ) if and only if no neighbourhood {a(t) : \t — t \ < e} is contained 
into an auto-parallel submanifold (cf. [501 VII, Section 8]) of M of dimension 
< r. The condition of being in general position up to first order is none other 
than an immersion and hence, it is independent of V; but for r > 2 the condition 
of being in general position up to order r does depend on V. 

Lemma 2.2. Let a: (a, 6) — >• M be a smooth curve taking values into a manifold 
M endowed with a linear connection V. If (x , . . . ,x m ) is a normal coordinate 
system with respect to V centered at xq = cr(to), a < to < b, then the tangent 
vectors 



(1) 



r(T,k 

to 



d k (x l o a) 
~dt k 




<t(*o) 



eT a(ta) M, fc>i,fceN, 
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do not depend on the particular normal coordinates chosen. 

Proof. If x n — cijxi , A = (a*-) e Gl(m,M.), is another normal coordinate system, 
then 

— -h h — (h^-A- 1 



and hence 



d k {x' l oo-) d 
df k {t °> 



<y{t ) 



d¥ {to)b *dx^ 



h d k {xioa) 8 
h " ' dt k ( * 0) 



* 3 

d k (x j o a) 



"(to) 



d 



dt k {to) dxo 



"(to) 



□ 



Definition 2.3. A curve a is said to be in normal general position up to the 
order r at t G (a, 6) if the tangent vectors , U^ 2 , . . . , U^ r are linearly 
independent. The curve a is in normal general position up to the order r if it 
is in normal general position up to this order for every t e (a, b). 



2.2 Genericity results 

Lemma 2.4. Let (U; x 1 , . . . , x m ) be a coordinate open domain in a smooth 
manifold M endowed with a linear connection V. There exist smooth functions 



F ,% : J (M, U) -»• M, keN, 1 < i < m, 



such that, 
(2) 



(V$.„T-) t = ( 



<r(t) 



/or every curve a : M — > U and every tel, which are determined as follows: 

(3) F 0,i = 0, 

m 

(4) ^ M = e 

w/iere I\ are i/ie Zoca/ symbols of V in (£/; a; 1 , . . . , x m ) 7 and 



(5) F^ = D t (F^ 1 ^) + ]T r^-xj (s£ + F^ 1 ) , Vfc > 2, 
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( x f)o<f<ffc™ being the coordinates induced by (a; 1 )™ j in the k-jet bundle, i.e., 

x l Ot<r) = ^^T^(*). 4 = ^, 0<Z<fc, l</i<m, 
and D t denotes the "total derivative" with respect to t, namely, 

n 9 i 9 

r— ' 

Proposition 2.5. Let M be a smooth manifold of dimension to endowed with 
a linear connection V. The set of curves in general position up to the order 
r < to — 1 is a dense open subset in C°°(R,M) with respect to the strong 
topology. 

Proof. By using the formulas ^ it follows that the mapping 

$^ : J r (R, M) -)lx (® r TM) , 

*vU>) = {^Av T ^) to ,...,{^ T -^) ta ), 

is a diffeomorphism inducing the identity on J°(M, M) = R x M . We set 

E = { (t, X 1 , . . . , X r ) g R x (® r TAf) : X 1 A . . . A X r = 0} , 

for every 1 < k < r — 1 and for every strictly increasing system of indices 
1 < i\ < . . . < i)~ < r we set 

f (t,X 1 ,...,X r ) GRx (®TM) A-M" =^0, 1 

with j! < ... < j r -k and {ji, . . . ,j r -k} = {1, 2, . . . , r} \ {i u . . . , i k }, and finally 
we set Eq — R x Z, Z being the zero section in ©TAf. Hence 

r— l 

/•' IJ U E h,..,i k - 

k=l ii<...<i k 

Moreover, if U k {M) C ® k TM denotes the open subset of all linearly indepen- 
dent systems of k vectors, then the mapping 

A iu ...,i k : Ri+Mr-fc) x u k (M) — s> R x (® r TM) , 

■Aii,...,i k (t] A}, ■ ■ ■ , X k , ■ ■ • , \i k , ■ ■ ■ , \ r k fc ; X 1 , . . . , Jf fc ) = (t; X 1 , . . . , X r ) , 

X lh = X h , l<h<k, 
X° h = Ei=i A?**, 1 < ft < r - fc, 
is an injective immersion such that im(Af 1 j k ) = Bti, ...,<*) an d we have 

codim-E^,...,^ = dim(R x (ffiTA/)) - dini-E^,...,^ 

= (1 + m + rtn) — (1 + fc(r — k) + m + fcm) 

= (to — fc)(r — fc) 

> to + 1 — r, 
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as the product (m — k)(r — k) takes its minimum value when k takes its maximum 
value, i.e., k = r — 1. Accordingly, Y il _,,, :ik — (-^ii, ...,«*.) is a submanifold 

in J r (R, M) of codimension (m—k)(r — k). From Thorn's transversality theorem 
(e.g., see [35j VII, Theoreme 4.2]) the set of curves a: R — > M the r-jet extension 
of which, j r cr, is transversal to Y^,...,^ is a residual subset (and hence dense) 
in C°°(R, M) for the strong topology. For such curves, (j r cr) {Yi lt ,,,j k ) is a 
submanifold of the real line of codimension (to — k)(r — k) > to + 1 — r. If 
r < m — 1, then it is only possible if such a submanifold is the empty set. 
Consequently, for r < m — 1, the following formula holds: 

F r = {a G C°°(R, M) : fa is transversal to every Y iu ...^ k } 
= {cr G C°° (R, M) : (j r <r) (R) n Y = 0} , 

where Y = Y U Ufc=i .... ,. Y iu ..., ik . Therefore $' v (jV(R)) n E = if 
cr G F r ; in other words, a is a curve in general position up to order r with 
respect to V. 

Finally, we prove that F r is an open susbet. If d is a complete distance 
function defining the topology in J r (R, M), then for every a G F r the function 
Jo- : R — > R + , = d (jjc, Y") > makes sense as Y is a closed subset and 

N(a) = { 7 £ C°° (R, M) :d{f t a,f tl ) < 5 ff (t),Vi £ R} 

is a neigbourhood of cr in the strong topology of order r and hence, also in the 
strong topology of order oo. As 7 G N(a) implies 7 G F r , we can conclude. □ 

Remark 2.6. The statement of Proposition ^. 51 is the best possible, as the curves 
in general position up to the order to = dim M with respect to a linear connec- 
tion V are not dense in C°° (R, M) for the strong topology, because inflection 
points are unavoidable. In fact, with the similar notations as in the proof of 
Proposition 12.51 we set 

F m = We C°° (R, M) : j"V(R) n Y = 0} , 

F m = {cr G C°°(R, M) : j m a is transversal to every Y iu ... iik } . 

The set F m is dense in C°°(R, M) as it is residual and F m coincides with the 
set of curves in general position up to order to. In order to prove that F m is 
not dense, it suffices to obtain an open subset contained in its complementary 
set. We set 

m-2 

r '=U U Y h,..,iH\ Yi = (^v)" 1 (Ei) , l<i<m, 

k=0 £i<...<ifc 

where E l is the set of points (t, X 1 , . . . , X m ) G R x (® m TM) such that, 

i) X 1 A ... A B A ... A A m ^ 0, 

ii) X 1 G ^A 1 ,...,^ 1 ,...,^"^. 
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Then, Y = Y' U Y\ U . . . U Y m and Yq = Y\ fl . . . PI Y m is an open subset in each 
Yi] hence Yq is a submanifold of codimension 1 in J m (R, M). According to a 
classical result (see [27J Theorem 6.1]) there exists a curve a: K — > M such that, 
1) j m a is transversal to Y , and 2) j m cr(R) nY" # 0- Therefore, j m cr(IR)ny ^ 0. 
Moreover, according to [2SJ Lemma 1, p. 45], given a neighbourhood U of i, there 
exists a neigbourhood of cr in the weak (and hence, in the strong) topology, 
such that t £ implies j m r cuts transversally to Y at some point t' £ ?7. 
Hence, t £ E a implies j m r(IR) n Y ^ 0, i.e., r ^ F m , and cr thus possesses a 
neighbourhood of curves not belonging to F m ■ 

Proposition 2.7. Let M be a smooth manifold of dimension m endowed with 
a linear connection V. The set of curves in normal general postion up to the 
order r < m — 1 is a dense open subset in C°°(M, M) with respect to the strong 
topology. 

Proof. It is similar to the proof of Proposition 12.51 by using the fact that the 
mapping 

^ r v : J r (M, M) -)lx (® r TM) , 

^v(i^) = (to;^r,^ 2 r,...,^r)> 

is a diffeomorphism over IxM, □ 

3 Prenet curves 

3.1 A Prenet curve defined 

Definition 3.1. A curve cr: (a, &) — ?> M with values into a Riemannian manifold 
(M, g) is said to be a Frenet curve if cr is in general position up to order m — 1 
with respect to the Levi-Civita connection of the metric g. 

Proposition 3.2 (Frenet frame, [3], [IT], [12], [32j], [IB], EH)- If {M,g) is an 
oriented connected Riemannian manifold of dimension m and a : (a, b) — > M is 
a Frenet curve, then there exist unique vector fields X° , . . . , defined along 
a and smooth functions Kq , . . . , : (a, b) — > R urat/i > 0, < j < m — 2, 

(i) (X°(t), . . . ,X^(t)) is a positively oriented orthonormal linear frame, \/t G 
(a,b). 

(ii) The systems (X?(t), . . . , Xf (t)), (Tf, (V T -T <T ) t , . . . , (V^ 1 T CT ) t ) span the 
same vector subspace and they are equally oriented for every 1 < i < m — 1 
and every t £ (a, &). 

(hi) The following formulas hold: 

(a) T ff = 

(b) V Xf Xf = /sf , 
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(c) V Xf X? = -kUXU + 2 < i < m - I, 

(d) Vx^l^ = —K^n-lXm-l- 

Definition 3.3. The frame (Xf , . . . , X^) along er determined by the conditions 
(i)-(iii) above is called the Frenet frame of cr, and the functions Kq, . . . , 
are the curvatures of cr. 

3.2 Basic formulas 

According to the item (ii) of Proposition l3T2"l there exist functions f[j G C°°(a, b), 
1 < z < j < m, such that, 



(7) 



V& 1 T° = Y l f? j X[, l<j<m, 



and by using the equations (a)-(d) in the item (iii) above the following recurrence 
formulas are obtained for these functions: 



(8) 



fit — k 0j 

fa d fll 
/l2 " dt ' 
fa _ fa a a 
J22 — /ll K K l > 



A; 



(9) 3 < j < to < 



•/2,j-l"'0"'l ' 



dt 
dt 



fi+l,j-l K K i + /( 



2 < i < j - 2, 

J 3-1,3 ~ fa + /i-2,i-l«0"j-2! 

Proposition 3.4. //cr: (a, 6) M is a Frenet curve in an oriented connected 
Riemannian manifold (M,g), then 



where 
(10) 



(A?) 3: 



2 < i < to - 1, 



A£ = det (g (v^T ff , V^T' 
£j = 1 /or 2 < i < m — 2, and £ m _i = ±1. 
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Proof. The formulas in the statement follow from ([7]), ©, and (JSJ) taking the 
identity 

= (<io< ; ) 2 

into account. □ 

For a smooth curve cr, the property of being a Frenet curve at t depends 
on j t m_1|T om y; hence for every t £ K we can speak about the open subset 
J^-\M) C Jr _1 (K, M) of Frenet jets. Let 

: (Tm-i)" 1 ^" 1 W) 1 < i < J < m, 

be the mapping defined by / 4i (j t m cr) = yrf : J fc (R, M) ->• J'(R, M),k>l, 

being the canonical projections. Similarly, let 

(11) A fe : J k (R, M) -> M, l<fc<m, 

be the mapping given by Afc(j t fc er) = A?(i), which is well defined according to 
the formula (|10p. 

Proposition 3.5. If a: (a,b) —> M, a: (a,b) —> M are two Frenet curves with 
values in Riemannian manifolds (M,g), (M,g), then \nf\ = \nf\, < i < TO— 1, 
if and only if 

(12) g (vtfV, V&T*) = g (v^T ff , %^T S ) , i,j = 1, . . . ,m, 
V, V 6emgr the Levi-Civita connections associated to g, g. 

Proof. If (IT2l holds for every i,j = 1, ...,m, then A£ = A£ for 1 < fc < to. 
From the formulas (ITU)) in Proposition 13 .41 we deduce ftf = k? for < i < m — 2 
and = Conversely, if \nf\ = |/cf |, < i < m — 1, then from the 

formulas © and © by recurrence on the subindex of k,; we obtain |/„ m | = 
|/„ m | and ffj = f°j otherwise. Hence, for every i,j = 1, . . . , m, we have 

fe=i (=i 

fc=l (=1 

□ 
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3.3 Existence theorems 

The fundamental theorem for curves in Euclidean 3-space (cf. [221 pp. 29-31]) 
states that if two smooth functions k(s) > 0, r(s) are given, then there exists a 
unique curve for which s is the arc length, k the curvature, and r the torsion, 
the moving trihedron of which at s = sq coincides with the coordinate axes. 
The full generalization of this result is as follows: 

Theorem 3.6. Let (M,g) be an m- dimensional oriented Riemannian manifold 
and let (yi, . . . , v m ) be a positively oriented orthonormal basis for T Xo M . Given 
functions Kj € C°° (to — S,to + S), < j < m — 1, with Kj > for < j < m — 2, 
there exists < e < 5 and a unique Frenet curve a: (to — s, to + e) — > M such 
that, 

(i) cr(< ) = x Q . 

(ii) X?(t )=v j forl<j<m, 

(iii) Kj — Kj for < j < m — 1 . 

Proof. Let (U; x 1 ,..., x m ) be the normal coordinate system centered at xq as- 
sociated to the orthonormal linear frame (v\, . . . ,v m ) given in the statement, 
let Pm'- © m TM -)• M be the bundle projection, and let denote by (x\y J k ), 
i,j,k=l,...,m, the induced coordinate system on (p^) _1 (t/), i.e., 



if \ d 



Vu = (m, . . . , w m ) G © m T x M, ie(7. 



First of all, we prove that the Frenet formulas are locally equivalent to a system 
of first-order ordinary differential equations on the manifold (B m TM. In fact, 
as a computation shows, the formulas (a)-(d) in Proposition 13.21 can be written 
in local coordinates as follows: 

(13) d -^fl = KUy{oxn, 



( 14) ^ dt " ' = K^Uvi ° X") k° {T] u o a)^ o X°)(y{ o X'), 



d(y{ o X- 
dt 



(is) < — It — = K oK(yUi oX n~<-i(yLioX-)} 

\ ' -4K k off)MoI')(^I r ), 2<<<m-l, 

(16) = -fcJClfe-! ° - «0 (Kb ° (tf? ° ^X^n ° 

where r° fe are the components of the Levi-Civita connection V of g with respect 
to the coordinate system (x h )™ =1 and X a : (a,b) -> ® m TM, a < t Q < 6, is the 
curve given by X a (t) = i(Xf(t), . . .,X^(t)), Vi G (a, 6). 
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Hence the functions x o a, y* o X a : (a, b) — > M, ft,, i, j = 1, . . . , m, are the 
only solutions to the system (fT3|) - ([T6| satisfying the initial conditions (i), (ii) in 
the statement; i.e., (x h o a)(t ) = x h (x ), (y) o X CT )(i ) = • - ,«7n) = 

Conversely, if X 17 and the curvatures 1 < J < ?w, are replaced by 

an arbitrary smooth curve X = (Xi, . . . , X m ) : (to — S, to + 8) — > (& m TM, and 
the given functions Kj—i, 1 < j < m, respectively, with a = o X, into the 
equations (TT3]) — (p~6|) above, then the following system is obtained: 



(17) 



d(x J o a) 
dt 



K (y{ o X) 



(18) 



dt 



= K 0Kl (yi o X) - Ko (ll o o o X), 



(19) 



dt 



no[ni{y c l+1 o X) - n l - 1 (yc_ 1 o X)] 

"«o (r^, o a) (y? o X)(yf o X), 2 < * < m - 1, 



(20) = -« ^-i(^_a ol)-«o (1^ o a) (tf o o X), 

We claim that the only solution x h o a,yj o X : (t a — e,t + e) ^> R to the system 
(fTT|) - (j2T)f satisfying the initial conditions 

(x h o a) (to) = x h (x ), 1 < h < m, 
(Vj °X)(t ) = 5j, i,j = l,...,m, 

provides the desired Frenet curve. 

First, we observe that from the very definition of (TTT|) -(f2T) ]) . the linear frame 
(X\, . . . , X m ) — defined along the curve a with components x h o cr — determined 
by X, i.e., X, = (?;] o X)-?j~, satisfies the following equations: 



(21) 



T°=k X 1 , 
Vx^i = K4X2, 

V Xl X; = -Ki_iXj_i + KiX i+ i, 2 < i < m - 1, 
VxjX m = -K ra _iX m _i. 



Next, the item (i) in Proposition 13.21 is proved to hold for this linear frame. In 
fact, the functions fij(t) = g(X{(t), Xj(t)), \t — to\ < s , 1 < i < j < m, are the 
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only solution to the system 







(.11 


= 






dt 




2<j 


< 


dip lm 




dt 




depij 




dt 


= i 


2 < i 


< 






dt 




2 < i 


< 




dt 





m — 1, 



such that <fiij(0) — 5ij, but Kronecker deltas are readily seen to be also a so- 
lution to this system; hence g(Xi{t), X 3 (t)) = Sij. By virtue of the assump- 
tion, one has vo\ g (Xi(0), . . . ,X rn (0)) = vo\ g (vi, . . . ,v m ) — 1, and accordingly, 
vo\ g (Xi(t), . . . ,X m (t)) = 1 for every t £ (t - e,t + e). 

Finally, as the curvatures kJ, < j < m — 1, are completely determined 
by the Frenet formulas, it suffices to prove that the linear frame (Xi, . . . , X m ) 
satisfies the property (ii) of Proposition I3.2[ which is equivalent to prove the 
existence of functions hij £ C°°(t — e,t + e), 1 < i < j < m, such that 
V^ 1 T CT = J2i=i hijXi for 1 < j < m. If j = 1, then this formula follows 
from the first formula in (|2Tj) with hn — kq. Hence we can proceed by recur- 
rence on j > 2. By applying the operator Vt" to both sides of the equation 
V^T- = JXl Kj-iXi, we have V^T* = Eti + Vt<^), 

and the result follows by replacing the term Vt^^Q = KoVx^! by its expres- 
sion deduced from the formulas in (12T1) above. □ 



Theorem 3.7. Let (M,g) be an m- dimensional oriented Riemannian manifold. 
Given a system of functions k = (kq, . . . ,K m _i), with Kj £ C°°(to — 5,to + S) 
for < j < m - 1 and Kj > for < j < m - 2, let : (t - S, t + d) ->■ R, 
1 < i < j < ?Ti 7 be the functions defined by the following recurrence relations: 

fix = 

(22) < ffi = f , 

J22 = /nAO K l) 



13 



(23) 



df K ■ 

lj = —T+ /2,3-l«0«l, 



f K - 



dt 



3 < j < m < 



113 dt 
2 < i < j - 2, 



ft+l,j-l K K i + ft-l,j-l K K i-li 



df K 

■O-lj ~ J t Jj-2,j-l K 0^j-2, 

* = /i-l.j-l^OKi-l- 

Let € T Xo M , 1 < j < to, &e vectors such that the system {w\, . . . , u> m _i) is 
linearly independent. The necessary and sufficient conditions for a Frenet curve 
a: (to — e, to + e) —> M, < e < 8, to exist such that. 

(i) cr(t ) = SO, 

(ii) (V^T") (i ) = t«j for 1 < j < to, 

(iii) rtj.! = Kj-i for 1 < j < to, 
are t/ie following: 



(24) 



«? to,-) = fhi(to)fhj(to), l<i<j<m- 



h=l 



Proof. If the curve a in the statement exists, then fR = f[j, where the functions 
fij are given in the formulas (j8]) and ((9J, and from the formulas ([7]) we have 



g(w i} Wj) 



i 

= £/&(*o)/&(*o). 



Hence, all the conditions are necessary for the curve cr to exist. 

Let (vi, . . . ,v m -i) be the orthonormal system in T Xo M obtained by apply- 
ing the Gram-Schmidt process to the system (w±, . . . , w m -i), and let v m be 
the only unitary tangent vector orthogonal to V\, . . . , v m -\ for which the basis 
(vi, . . . ,v m -i,v m ) of T Xo M is positively oriented. According to Theorem 13.61 
there exists a Frenet curve a: (to — e, to + e) — » M such that, 

a) a(to) = xo\ b) XJ(to) = Vj, 1 < j < to; c) /tj = Kj, < j < to — 1. 

Hence f% = f%, as follows from the formulas ©, ©, and ([23]), and 

from © we obtain (V^ 1 T CT )(i ) = ELi /y(*oM, 1 < j < m. Consequently, 
the Gram-Schmidt process applied to (T CT (i ), • • • , (V™7 2 T cr )(to)) also leads one 
to the orthonormal system (ui, . . . , v m -i). By virtue of ( 1241 ) we thus have 



g(Wi,Wj) = g(V i :r Z 1 T' T ,V J T J-T a )(t ) for 1 < i < j < to, and we can conclude 
by simply recalling the following fact: If (tti, — , Ufc), . . . , u' k ) are two lin- 
early independent systems such that, 1st) the Gram-Schmidt process applied to 
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(ui, . . . , Uk), as well as to (u[, . . . , u' k ), leads to the same orthonormal system, 
and 2nd) g(v,i,Uj) = gfa'^u'j) for 1 < i < j < k, then both systems coincide, 
i.e., Ui = u'i for i = 1, . . . ,k. 

Finally, the Frenet frame at to of any Frenet curve a : (to — e, to + e) — > M 
satisfying (i)-(iii) in the statement coincides with the system (v±, . . . ,v m ) and 
we can conlude its uniqueness from Theorem 13.61 □ 

Remark 3.8. The explicit formulas for the functions are rather involved, but 
their computational evaluation is quite feasible; for example, 

For m = 3: 

/& = (#) 2 " 2^M 3 (*i) 2 + + 9 (^) 2 M 2 («i) 2 

+6^^(«o) 3 «i + (^) 4 M 4 + M 6 M 2 M 2 . 

For m = 4: 

r K _ dnp d 3 K n ( dK \ 2 f \2/ - „ \2 , n dKg dm f \3„ i a d 2 Kg i \3/^. ^2 

+ ^MV - («o) 6 («l) 2 («2) 2 - (« ) 6 («l) 4 . 

Remark 3.9. Although the formulas (fl"0| in the statement of Proposition 13.41 
are necessary for the curve a to exist, they are not sufficient. More formally, 
let S K = (tt'™, Sj. , . . . , S") : J m (R, M) M x R m be the mapping of fibred 
manifolds over M given by, 

El = AxO^-^oOTT™) 2 , 

S 2 = A 2 O TT? 1 - (K X O 7T™) 2 (Ax O TT^) 3 , 

~< K = (A,_ 2 O 7T^ 2 ) (A, O TT™) - O TT™) 2 (Ax O TTf ) (Aj_l O TT^)" . 

3 < i < m — 1, 

(j t » - vol 9 (T-, Vt^T-, . . . , V™' 1 ^) (t ) A /A ^_ 2 (t ) 

- K ro _ x (t ) v /A-(t )A-_ 1 (t ) , 

vr m : J' m (M,Af) -> R, tt'" 1 : J m (R,M) -> M being the canonical projections 
and Afc : J m (R, M) — >• R being the mapping defined in (fTTj) . Because of the 
expression for S™, the mapping 5 K is quasi-linear. If k = n a for a Frenet curve 
cr, then it is readily checked that the equations S K <x oj m a = are equivalent to 
the formulas (fTU|) . 

The fibred submanifold i? m = (S K )- 1 {0} n {Kl-i)~ l (J 7 " 1 ' 1 (M)) is not for- 
mally integrable, even in the simplest cases. For M = R 2 , g = dx 2 + dy 2 , the 
submanifold R 2 is defined by the equations x 2 +y 2 = (ko) 2 , xy — xy = (ko) 3 «i, 
whereas its first prolongation i? 3 is obtained by adding to the equations of R 2 
the following: xx + yy = kqKo, xV — 'xy = 3(ko) 2 ^oKi + (ko) 3 ki- Hence the 
projection 7r| : R 3 —> R 2 is not surjective. For M = R 3 , g — dx 2 + dy 2 + dz 2 , 
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the submanifold R 3 is defined by the following equations: 



x 2 + y 2 + z 2 
xx + yy + zz x 2 + y 2 + z 2 



x + y + 2 
xx + yy + zz 



x 
x 

X 



y 
v 
y 



M 2 , 
M 6 («i) 2 , 

(k ) 6 (ki) 2 k 2 , 



and one needs to reach the second prolongation R 5 C J 5 (R, M) of i? 3 in order 
to obtain an integrable system. For higher dimensions similar conclusions are 
obtained. 



3.4 J^-^M) and Af m ~ 1 (M) 

Theorem 3.10. Let (M,g) be a Riemannian manifold. Let J-"™~*(M) be the 
subset ofFrenetjets j%~ X o- G J m_1 (R,M) sucA i/ietf, <x(t ) = x . LetJ\f" ( ^(M) 
be the subset of jets jt^ -1 ^ G J m_1 (K, M) smc/i i/iai, i) a (to) = xq, h) the curve 
a is normal general position up to the order to — 1 at to, i.e., the tangent vectors 



U°' r defined in ([I]) are linearly independent. 



If either dim M — m < 4 or g is a flat metric at a neighbourhood of xq, then 



to / o (M) = M%£(M), Vi„ G R, Vx G M. 



In the general case, J%£(M)\N%£(M) (resp. N^M^-^M)) ts 
not empty but nowhere dense in _F t ™~*(M) (resp. Af™~^(M)). 

Proof. If (U, x 1 , . . . , x m ) is the normal coordinate system attached to an or- 
thonormal basis for T XQ M with respect to the Levi-Civita connection V of g, 
then for every smooth curve (to — e,t + e) — > M, a (to) = xq, the following 
formulas hold: 



(25) 



(V T .T-) to = U°;\ 



and for r > 3, from the formulas ©, ([3]), (Q}, ([3]), we conclude the existence 
of a polynomial P[ in the values (d^T^J dx^xo), I G N m , \I\ < r - 2, T^ k 
being the Christoffel symbols of V with respect to the coordinates chosen, and 
the components (d k (x l o a) / dt k )(to) (also in such coordinates) of the tangent 



vectors , 1 < k < r — 1, defined in ([T]) such that, 



(26) 



(V r T „T") to =U% r+1 +P[ 



_d_ 

dx l 



As the values (d^T^ k / dx l )(xo) , 1 < \I\ < k, can be written as a polynomial 
(e.g., see [13], [22]) in the components of the curvature tensor field R 9 and its 
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covariant derivatives VP 3 , . . . , V fc 1 R 9 at xo, we conclude that the same holds 
for P[. For example, 



)to 



'to 

V^T<% = [/ f f + 2 (V^) Xo (T/ , (V T ^) to ,T£,T£) 



to' 



+3R3 X0 (T° , ( Vt^T ct ) 1 ) ( V T ^T CT ) fo + K (r- , (V^T") J T t 
For m < 4 from the formulas (|2"5)l we conclude 

(27) K^ M )=K7*K M )- 

Moreover, the equation (VjT)t = holds for < r < m — 2 if and only 

if, P/' = for 0<r<m — 2, l<i<m. In particular, this happens when g 
is flat at a neighbourhood of so; hence the equality (|27|) also holds in this case. 
If the tangent vectors Tg, (y T "T c ') ta , . . . , (V™~ 2 T CT ) to are linearly independent 
but there exists a non-trivial linear combination, i.e., = ^2™ = i A/jZ7^' , then 
from we deduce 



(28) 



which implies that at least one of the vectors P[ (d/dx 1 ^ , 3 < r < m — 2, does 
not vanish. 

Letting N to = T to x (V t T) to x • • • x (V" l ~ 2 T) to , where x stands for cross 
product, we obtain a basis (T£, (V T -T CT ) to , . . . , (V™- 2 T CT ) to , JV to ) for T Xo M, 
and we can write, 

/ * * — ^m— 2 

P[ (d/dx*) xo = Y, q=a $ (V^T CT ) to + fN t0 , < r < m - 2, 

for some scalars [i r ql \f agreeing that P/" = for < r < 2; hence [i r q = //' = 
for < r < 2. Then, ([28]) is equivalent to saying that the homogeneous linear 
system 

^ — y m — 2 

Er=o 2 ^ _ ^) Ar+i = °' °^^ m - 2 ' 

of m equations in the m— 1 unknowns Ai, . . . , A m _i admits a non-trivial solution, 
i.e., the rank of the to x (to — 1) matrix 

\ 



li(m) 



( 











M 3 • 






-1 








Mo 


■ Mo™~ 







-1 





Mi • 


■ Mr 










-1 


M2 


• M?~ 













m|-i ■ 


■ M?~ 


\ 











Mm-2 


• Mm-2 



1 / 
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must be < m - 2. This condition characterizes ^^l(M)\N^~^(M). The 
proof for TV^- 1 (M)\J^" 1 (M) is similar. □ 

Example 3.11. For m = 5 jets in J r t 4 o a . o (M)\A/J| ) ,,, (M) are given by, rk ^(5) = 3. 
Hence ^ = 0, M | = 1; if (d/dx% o = £"=o ^ (V^T*^ + (V^T*^, i.e., 

(29) < (Tf , (V T ^T CT ) t0 ) T£ - (V^T-) (Q G (T£, (V^T ff ) to , (V^T CT ) to ) . 

In addition, assume is the normal coordinate system defined by the 

Frenet frame [X? (*o))f =1 - From the formulas (HI), ©, and © it follows the 
formula (|29[) can be reformulated by saying that the tangent vector 

«) 4 « pff(t ),xf (t ))xf(t ) - /f 4 (t )*f (t„) - / 2 CT 4 (to)^(t ) 

— fs4,(to)Xg (t ) — f 44(^0) X% (to) 

must belong to (Xf (to) , (to) , X% (to)), or equivalently, 

5 (R% o {XI (t ) , (t )) Xf (t ) , X£ (t )) - Kl (t ) «J (t ) , 
g (R9 {XI (t ) , Xi (t )) Xf (t ) , XI (to)) = 0. 

Example 3.12. For m = 6 jets in J 7 t 5 o Xo (M)\A/' t 5 0ia;o (M) are given by, rk/x(6) < 4. 
The rank of /Lt(6) is 3 if and only if, fi 3 = /it 4 = /i| = //| = 0, /u| = /i| = 1, or 
equivalently, 

if {d/dj) xa = Mo^to + (V T ^T-) to + M | (V^T-) tQ + (V^T-) tQ , 

p 4 (fl/to*)^ = firz + [i\ (v T «T°) to + A (y* T „T°) ta + (v 4 „r*) to . 

In other words, Pf (d/dx l ) xo - (V| CT T CT ) to and P 4 (d/dx*)^ - (Vf^T* 7 )^ be- 
long to the subspace spanned by T^, (VT^P cr ) to , and (V^T" 7 ) . 
The rank of /x(6) is 4 if and only if, 

l4l4 = (mI - - 1), 

= M 3 ( M 4 - 1), 

M iy = M <(„§ _ 1), 

but ( M 3 , M 4 , mI, Ma, Ms, l4) ¥= (o, 0, 0, 0, 1, 1). 



4 The equivalence problem 

4.1 Necessary conditions for congruence 

Definition 4.1. Two curves <r: (a, 6) — > (M,g), cr: (0,6) — > (M,g) with values in 
two Ricmannian manifolds are said to be congruent if an open neighbourhood 
U of the image of a in M and an isometric embedding <f>: U — » M exist such 
that, a = <j) o a. If M and M are oriented, then (/> is assumed to preserve the 
orientation. 
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Proposition 4.2. The curvatures of a Frenet curve with values into an oriented 
Riemannian manifold (M, g) are invariant by congruence. 

Proof. Let a : (a, b) — > M, a: (a,b) — > M be two Frenet curves with values 
in two oriented Riemannian manifolds (M,g), (M,g). Let <fi: U — > M be an 
isometric embedding preserving the orientation defined on a neighbourhood U 
of the image of a, such that a = 4> o a. Since (j) is an affine mapping, from [201 
VI, Proposition 1.2] we know <\> ■ (V J TC7 T a ) = V 3 TS T S , for all j E N. As is an 
isometry, for every i,j=l,...,m, the following formula holds: 



= gh i 7 r, 1 T <T ,V 3 T ~ 1 T a " 



f] 



From Proposition 13.51 it follows k\ = nf , < i < m — 2, = and 

since <f> is orientation-preserving, we have 

vol, (T°, V™- 1 ^) = vo\- g (T s , V™- 1 ^). 

Thus Km-i — K m-ii an d the proof is complete. □ 

Proposition 4.3. Let (M,g), (M,g) be two oriented Riemannian manifolds 
with associated Levi-Civita connections V, V 7 respectively, and let a: (a,b) — > 
M , a : (a, 6) — > M, 6e two Frenet curves which are congruent under the isometric 
embedding (j). Then, (j> ■ Xf = Xf , uj l a = <\>*u % s , for 1 < i < m, (a£, . . . , w™), 
(a>i, . . . , w™) feeing t/ie d?W coframes of the Frenet frames of a , a, respectively. 
Moreover, 



[XI , . . . , X? +3 , c^J J (a(t)) = V'R [Xl X* +3 , <4) (a(t)) , 

/or all j e N, t € (a, o), and aZZ systems of indices i, i 1; . . . , i 3+3 = 1, . . . , m, 
where R, R are the curvature tensors of(M,g), {M,g), respectively. 

Proof. From Proposition 14.21 and the formulas ((5J, (J9)), we obtain /g = for 
every j, j = 1, . . . , m. Therefore 

m m 

Era va \ ^ J*fT "V^CT 

J im i / j J im i 

i=l i=l 



m 



■( 



/•cr 

J im i 



/ j J im 



»=i 

Thus Xf = (and therefore = (f>*uj l 9 ), 1 < i < m. This proves the 

first part of the statement. The second one derives from [201 VI, Proposition 
1.2]. " □ 
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4.2 General criterion of congruence 

Theorem 4.4. Let (M,g), (M,g) be two oriented connected Riemannian mani- 
folds of class C u of the same dimension, m = dimM = dimAf, with Levi-Civita 
connections V, V, and let a: (a,b) — > M, a: (a,b) — > M be two Frenet curves 
of class C u with tangent fields T, T, respectively. If xq = o~(to), %o = &(to), 
a < to < b, then a and a are congruent on some neigbourhoods of xq and xq, 
respectively, if and only if the following conditions hold: 

(i) For every j € N and every < i < m — 1, 

(30) = 

(ii) For every j G N and all systems of indices . . . , ij+3 — 1, . . . , m, the 
following formula holds: 

(31) 

(V' JZ) (X? Xf. +3 , ui) (x ) = (V j R) (X? , . . . , Xf j+3 , c4) (x ) , 

where (a;*, . . . , , . . . , oj™) are £/ie dual coframes of the Frenet 
frames (X°, . . . , X^), (X[, ...,X^) of a, a, and R, R are the curva- 
ture tensors of(M,g), (M,g), respectively. 

Proof. From Proposition 14.21 (resp. Propositon 14.31) the equations ([3"U| (resp. 
(|3"Tj) ') follow. To prove the converse, let A: T Xo M — > T So M be the linear isometry 
given by, A(X?(t )) = X[(t ), 1 < i < m. The condition (01]) implies that A 
maps the tensor (S7 : >R) Xg into the tensor (V 7 R)x , for all j E N. From [20j VI, 
Theorem 7.2] we conclude that the polar map (j): U — >■ U, cj) = expx g oAoexp^ 1 , 
is an affine isomorphism and from [361 Lemma 2.3.1] it follows that is an 
isometry. In order to finish the proof, it suffices to check that cf>(o(t)) = a(t) for 
\t — to | < £, and a small enough e > 0. The Frenet curve 7 = (j) (a,b) —> M 
satisfies 7(£o) = ^0, X?(to) = </>* (X?(to)) — X[(t ). As the curvatures are of 
class C u , from the condition (|30|) we deduce K° = < j < m — 1, and since 
the curvatures are invariant by congruence, we know n° = kJ; hence = kJ, 
< j < m — 1. Taking the formulas ([7]), © and the condition (|3TJ)) into account 
for 1 < j < m we have 

/ \ m 

AKv^T^J = £/5(io)A(xn*o)) 

^ ' 2—1 

m 

= ^/5(<o)xf(t ) 

i=l 



'0 
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Therefore 



A [ ( V^T" 



to 



rrrc 



for 1 < j < m. By applying Theorem 13.61 we conclude cr = 7 = 0oeron 
(to-e,to+e). □ 

Corollary 4.5. Let [M,g) f (M,g) be two oriented connected Riemannian ma- 
nifolds of class C u of the same dimension, m — dim M = dim M , and let 
a: (a,b) — > M, a: (a, b) — > M be two Frenet curves, respectively. If xq = o~(to), 
xq = cr(to)j a < to < b, then a and a are congruent on some neigbourhoods U 
and U of Xq and xq, respectively if, and only if, the following conditions hold: 

(i) For every j € N and every Q < i < m — 1, it holds Kf(t) = Kf (t), for 
\t — to\ < e. 

(ii) For every j S N and every system of indices i, i\, . . . , S {1, . . . , m}, 

(W j R) (Xl Xf i+9 , 4) (x ) = (V j R) (X? Xf j+3 , 4) (x ) . 

4.3 Remarks on the criterion of congruence 



Remark 4.6. The condition (|3lj) of Theorem 14.41 is not equivalent to the follow- 
ing: 

(32) R{X?,XZ,X?,ui)(a(t)) = R(X?,X%,X?,u;i)(a(t)), \t-t \<e. 
Differentiating the left-hand side of (|3"2"|) we have 

j f R(XJ,X%,X?,u>i)(o-(t)) = (V T „R){XJ,X%,Xr,u>i)(o-(t)) 

+R(V T «XJ ) X%,X[,u J i) (a(t)) + ... 
+i?(x;,X fe ff ,Xf,V r .4) (a(t)) 
= K°(i)VR {XI, X/, XI, X?, 4) (<r(t)) + . . . 

As the first argument of Vi? in the formula above is Xf , the function 

v#(x£,x;,x£,xf,4), fc^i, 

cannot be recovered from i? {Xfi X%, Xf, (c(t)). Therefore the formulas 
(j3"2")l do not imply the formulas (|3"Tj) , although (|3"Tj) do imply (|32l) as the manifolds 
involved are analytic. 
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Example 4.7. Let us consider the bidimensional torus T C R 3 with implicit 
equation (x 2 + y 2 + z 2 + 3) 2 = 16(x 2 + y 2 ). On the radius-2 circumference 
C = T fl {z = 1} the Gaussian curvature of T vanishes and C is a regular 
curve of positive constant curvature. The curvature tensor of R 2 vanishes in 
particular along any curve C C R 2 with the same curvature as C; but C and 
C a re not congruent since the Gaussian curvature of T does not vanish at every 
neighbourhood of a point of C. 

Remark 4.8. From Proposition 13 . 21 we deduce that the Frenet frame of a Frenet 
curve a and its dual frame at a point cr(to) depend on j^~ 1 a only. Hence, 
for every system of indices j G N, ii, . . . , ij-\-3, i G {1, ...,m}, a function 
I l...i J+3 ,t : ^ 7n_1 (M) -> R can be defined on the open subset J 7m ^ 1 (M) C 
J m ~ 1 (R,M) of the jets of order m — 1 of Frenet curves with values in M by 
setting 

(33) iL.i^ij?- 1 *) - (V^) (x[ x ,...,X[ j+3 ,u;i) (a(t)). 
Similarly, for every < i < m — 1, a function 

(34) x»: (tC^)- 1 ^ 1 "- 1 ^/) c J m (R, M) -»■ R 

can be defined by setting Xi(j" l (r) = Kf(t). 

From Theorem 14.41 it follows that all these functions are invariant by isom- 
etry (see the section [5] below) . Since dim _F m-1 (M) = m 2 + 1, only a finite 
number (not greater than m 2 + 1) of such functions can be functionally inde- 
pendent generically. Hence, the infinite number of conditions given in (|3"T|) can 
be reduced to a finite number. Nevertheless, it is not easy to determine a bound 
for the index j, which measures the times one has to differentiate covariantly 
the curvature tensor. In Theorem 18.101 below this bound is proved to be 2 in 
the case of a surface. 

Remark 4.9. For the sake of simplicity, here we use the Riemann curvature 
tensor R4 of g rather than the curvature tensor R (cf. [20j V, Section 2]), i.e., 

R i {X,Y,T,Z) = g(R(T,Z)Y,X). 

For j = 0, all the functions 

Ii 1 i 2 i 3 i 4 '■ 3~ m 1 (M) —> R, 

h li2i3 u tir 1 *) = Ra {xi (t), xi (t), xi {t\xi (*)) 

can be written in terms of the functions 

Iij : FM -> R, 

Iij(Xi, . . . , X m ) — Ri(Xi,Xj,Xi,Xj), 
X h Xj e T X M, 1 < i < j < m, 
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where FM is the bundle of linear frames of M, as follows from the polarization 
formula, namely 



6R(X,Y,T,Z) = R(X,Z,X,Z)+R(T,Y,T,Y)-R(X,T,X,T)-R(Z,Y,Z,Y) 
-R{X, Y+Z, X, Y+Z) + R(X, Y+T, X, Y+T) 
—R(T, Y + Z, T, Y+Z)+R{Z, Y+T, Z, Y+T) 
+R(X+T, Y+Z,X+T, Y+Z) + R(X + Z, T, X + Z, T) 
-R(X+T, Y, X+T, Y)-R(X+T, Z,X+T, Z) 
-R(X+Z,T+Y,X+Z,T+Y)+R(X+Z,Y,X+Z, Y). 

In fact, if f M ■ F m ^ 1 {M) -+ FM, s tj : FM -+ FM are the maps 

f M {fr 1 <r) = (x- 1 (t),...,x- m {t)), 

Sij (Xi , . . . , X m ) — (Xi , . . . , Xi , . . . , Xi + Xj , . . . , X m ), i < j, 

then 

6/1^22324 {lilU Iizi3 ~ -^1*3 _ ^*2«4 _ ^'ilU ° S i2«4 ^ilis ° 8*2*3 _ ^314 ° S *2*4 

+ li^ii s i 2 i3 li'iii s *2*4 s *l*3 "'*3*4 s *l*4 ~ -^*2*3 s *l*3 

-^*3*4 ° *8*1*3 -^*3*4 ° 8*2*3 ° ^i 1 i 4 -^*2*4 ° ^iii 4 ) ° f M- 

Remark 4.10. Theorem 14.41 is the most general result we can expect without 
imposing any additional condition on (M, g) and (M, g) except for the fact of 
being analytic. This is principally due to the fact that [20l VI, Theorem 7.2] 
cannot be generalized to non-analytic manifolds, as shown in the next example. 

Example 4.11. Let g, g be the two Riemannian metrics on M = M = W n , 
m > 2, defined by, 

g rj {x) = S l3 +exp(-|x|~ 2 ), 

9ij( x ) = fiiji 

respectively; hence (M, g) is not analytic at the origin. If R is the curvature 
tensor of (M, g) and V is its associated Levi-Civita connection, then (V™i?)(0) 
for all n €N. The identity map Id: T M — > TqM is an isometry, since gij(0) = 
9ij(0) = S^. Moreover, (V J 'i?)(0) = (V J i?)(0) = 0, where R (resp. V) is the 
curvature tensor (resp. the Levi-Civita connection) of g. If there exists an affinc 
isomorphism (f>: U — > U = M, defined on normal neighbourhoods of 0, such 
that 0*,o = Id, then taking (36J Lemma 2.3.1] into account, (j) must necessarily 
be an isometry. Hence </> maps the tensor V J R into the tensor V J R = 0, for all 
j £ N. Consequently, V J R must vanish in a normal neighbourhood of 0, but 
this is not true. In fact, as gij = Sij + h(\x\), with h(s) = exp(— s~ 2 ), we have 

a ii -s- - 

9 rj l + mh(\x\y 



23 



Following the notation in [5D], the Christoffel symbols are, 
If x t = (t,...,t) <ER m , t^O, then 

r*. (xt ) = ^» o 

iyW |z t |(l+mfc(|2 t |)) ^ ' 



" l tj ajl tj l,W(i + m/i(N))J 

Consequently, rg (x t ) r*. (a? t ) - 1$ (x t ) F J ai (z t ) = 0, and hence 

-2fe'(N) 

M 

^ o, 

Thus, i2?^ does not vanish at Xt for small enough t ^ 0. 



5 Differential invariants 
5.1 Basic definitions 

Let 3(M, <jr) be the group of isometries of a complete Riemannian connected 
manifold (M, g) endowed with its structure of Lie transformation group (cf. [301 
VI, Theorem 3.4]) and let i(M,g) be its Lie algebra, which is anti- isomorphic 
to the algebra of Killing vector fields. 

Every diffeomorphism (f>: M —¥ M induces a transformation <j)^ on J r (R, M) 
given by (j)^ Ut a ) = jT(0 o<t )j an d a natural action (on the left) of the 
group 3(M,g) on J r (R,M) can be defined by • f t a = <p^ {j r t a). Each 

X e i(M, g) induces a flow <j> t and its jet prolongation (j)^ determines a flow 
on J r (R, M), the infinitesimal generator of which is the vector field denoted by 
X (r ) e X (J r (R, A/)). The tangent spaces to the orbits of the action of J(M,g) 
on J r (R, M) coincide with the fibres of the distribution D r C X(J r (R, M)) 
spanned by the vector fields X^; more precisely, we have 

T ilo (3(M, 5 ) • j» = 2>£ ff = {ig : X e i(M,ff)} . 



24 



Definition 5.1. A smooth function /: J r (R,M) — > R is said to be an invariant 
of order r (cf. {1} 7, 4.1], [23]) if, / o </>M = I, \/<t> € J(M,#). A first integral 
/: J r (R, M) — » R of the distribution D r is called a differential invariant of 
order r; i.e., I< r '(/) =0,VIe i(M,g). 

Remark 5.2. A differential invariant is an invariant with respect to the connected 
component of the identity 3°(M,g) in 3(M,g). 

Lemma 5.3 (cf. |29j). The distribution D r is involutive and its rank is locally 
constant on a dense open subset W C J r (R,M). If N r denotes the maximal 
number of functionally independent differential invariants of order r > 0, then 

(35) N r = dim J r (R, M ) - rk £ r | Ur 

= m(r + 1) + 1 - rk D r \ ur . 

Proof. £ r is involutive as [x[ r \ X { 2 r) ] = [Ai,X 2 ] (r) , VX U X 2 E i(M,g). Let W 
be the subset defined as follows: A point £ = f\a 6 J r (R,-M) belongs to W if 
and only if £ admits an open neigbourhood iVj such that dim2)£, = dim J)^ for 
every £' S JVj. As CL( r , it follows that W is an open subset, which is non- 
empty as the dimension of the fibres of S) 1 " is uniformly bounded and hence, W 
contains the points £ for which dim2)£ = max^/ g jt^m) dim2)£, = d. In fact, 
if this equation holds, then there exists an open neighbourhood N$ of £ such 
that the dimension of the fibres of T) r over the points £' G N$ is at least d, as 
if (X- r) )^, 1 < i < d, is a basis for then the vector fields {x\ r ^) are linearly 
independent at each point of an open neigbourhood and hence, they are also 
a basis, d being the maximal value of the dimension of the fibres of £* r . From 
the very definition of W we thus conclude that N% Cld r . The same argument 
proves that the rank of D r is locally constant over W . Next, we prove that W 
is dense. If O C J r (R,M) is a non-empty open subset, then there exists (eO 
such that dimJ)^ = max^ £ o dim2)£, and we can conclude as above. The last 
part of the statement follows directly from the Frobenius theorem. □ 

If / is a differential invariant of order r, then D t (f) is a differential invariant 
of order r + 1. This fact follows from the formula X ( r+1 ) o D t — D t o X^ for 
every X £ i(M,g), which, in its turn, follows from the formula 

(36) * (r) = X>W)^-, 

3=0 3 

for every X € X(M) with local expression 

(37) X = r ^' feC°°(M). 

If 7rf : J fc (R, M) — > J'(R, M) is the canonical projection for k > I, then 

«_ X )*XW = X^ 1 ), VX 6 X(M), 
and the following exact sequence defines the subdistribution r D r ' r ~ 1 : 

(38) -> S^ 1 -> Sj r<T ©gi, -> 0, Vj> e J r (R, M). 
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5.2 Stability 

Theorem 5.4. Let (M, g) be a complete Riemannian connected manifold and 
let a: (a, b) — > M be a smooth curve such that G N m ^ 1 (M), a < t < b, 

with the same notations as in section 13.41 If X G i(M, g) is a Killing vector 
field such that X^™_, = 0, m = dimM, then X = 0. 

Proof. Let xq = c(to) and let U C T Xo (M) be an open neighbourhood of the 
origin on which the exponential mapping exp : T Xg (M) — > M is a diffeomorphim 
onto its image. Let (X,)™^ be a <?-orthonormal basis for T Xo M with dual basis 
(V)™!, w l G T* o (M) (i.e., w l {X,j) = £j) and let x i = w i o(exp\ u )- 1 , 1 < i < m, 
be the corresponding normal coordinate system. 

If (j>: M — > M is an affine transformation of the Levi-Civita connection of g 
(in particular, if <f> is an isometry of g) leaving the point Xq invariant, then (cf. 
[2U1 VI, Proposition 1.1]), o exp = exp 00* , 0* ; T Xo (M) -¥ T Xg (M) being the 
Jacobian mapping at xq. Hence x l o<f> = (w l o 0* ) o (exp If/) -1 . If 4>*(Xj) = a l jXi, 
then w l o 0„ = a l h w h and hence, x l o cf> = a l h x h . In particular, if <f> T is the flow 
of a Killing vector field X locally given as in (|37p . then 

x i oJ> T = ai(T)x h , (4(r))^ =1 e O(m), Vr G K, 

da* 

r = 6^, 6 i = _A(o), B = {b)X. l=1 GB0(m). 

According to (|36[) , the assumption on X in the statement is equivalent to saying 
d fc (/*°a) 



di fe 



-(t ) = 0, 1 < i < to, < k < m - 1, 



or equivalents, V h {d k {x h oa)/dt k )(t ) = 0, i.e., B{U^ k ) = 0, 1 < k < m- 1, the 
tangent vectors (7 t ^' fe being defined in the formula ([T]). As .B is skew-symmetric, 
we also have B^' 1 x • • • x f7^ m_1 ) = 0. Therefore, B = 0. □ 

Corollary 5.5. On a complete Riemannian connected manifold (M, g) the order 
of asymptotic stability (cf. [2], [23j ) of the algebra of differential invariants, is 
< to. Accordingly, N r — (r + l)m + 1 — dimi(M, g), Vr > to — 1. 

Proof. This follows from the previous theorem and the exact sequence (|3"5)) , 
taking account of the fact that X.ITlTi = if and only if X^m„ G IX)"^" 1-1 . □ 

° J t (T Jt ° Jt a 

Corollary 5.6. On a complete Riemannian connected manifold (M,g) the dis- 
tribution J)" 1-1 takes its maximal rank on J\f m ~ 1 (M). 

Proof. If j t m 1(7 G N m ^ 1 (M), then from Theorem I5T41 it follows that the linear 
map i(M, g) — > D m n ^} 1 , X i-4 xf™^ 1 , is an isomorphism. □ 
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5.3 Completeness 

Let a Lie group G act on a manifold N. If the quotient manifold q: N — s- N/G 
exists, then the image of the mapping q* : C co (N/G) -> C°°(N), f ^ / o q, 
is the subalgebra of G-invariant functions, namely C oa (N) G = q*C co (N/G). 
Below we are concerned with the case G — I°(M,g) acting on N = J r (M.,M) 
as defined at the beginning of the section [5~T1 

Definition 5.7. Let O r C J r QSL,M) be an invariant open subset under the nat- 
ural action of the group X°(M, g). A system of invariant functions Ii : O r — > M, 
1 < i < v, is said to be complete if the equations Ii{jl o~) — Ii{jl a a') 1 1 < i < 2/, 
it <T, ijgCr' S O r , imply that cr and <r' are congruent on a neighbourhood of to. 

Proposition 5.8. Let V be a linear connection on M . The mapping $'y defined 
in the formula © makes the diagram 

J r (R,M) K x ©TM 

(r) | | (is,© r <M 

J' r (M,A/) ^? K x ® r TM 

commutative for every <f) G Diff(Af). 

Proof. The proof is a consequence of the formula © and Lemma 13.61 taking 
the definition of </> ■ V into account. □ 

Theorem 5.9. Let (M,g) be a complete oriented connected Riemannian man- 
ifold of class C u . If 

(39) Ii-. (tt^_ 1 )- 1 J w - 1 (M) -+R, r > m, 1 < i < i/, 

is a complete system of invariants, then there exists a dense open subset O r in 
C^ro-i) - J 77 " - (M) such that Ii\o r , 1 < i < v, generate the ring of differential 
invariants under the group I°(M,g) on an open neighbourhood N r C O r of 
every point j r t a € O r , i.e., 

c°° (N r f 0(M ' 9) = (h\ Nr ,..., h\ Nr y c°°{w). 

Conversely, if a system of functions as in (|39|) locally generates the ring of 
invariants over a dense subset O r C ('K r m _ 1 )~ l J- m ~ l (M), then it is complete. 

Proof. According to Theorem 15. 4| we can confine ourselves to prove the state- 
ment for r = m. First of all, we prove that the quotient manifold 

q m : (C-i)" 1 ^"" 1 ^) -+ K_ 1 )- 1 J w - 1 (M)/Z°(M )fl ) = Q m 

exists. To this end, by applying |24[ Theorem 9.16], we only need to prove that 
the following two conditions hold: 

1. The isotropy subgroup 1° '(M ', g) j™ CT reduces to the identity map of M for 
every j™cr in (tt™_ 1 )~ 1 J- m ~ 1 (M). 
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2. X°(M,g) acts properly on (tt™_ x ) _ 1 T m ~ 1 (M) . 

The image of (7r™_i) _1 (-7 rm_1 ) by the diffeomorphism $y is equal to the subset 
U m C R x ® ra TM of elements (i, Xi, . . . , X m ) such that (Xi, . . . , X ro _i) are 
linearly independent tangent vectors. From Proposition 15.81 we deduce that 
an isometry <j) belongs to the isotropy subgroup l°(M,g)jrn c of a point j™a 
in {■K r m ^ 1 Y 1 T m ~ 1 {M), if and only (lg, © m 0*(o"(*))) belongs to the isotropy 
subgroup of the point $y(j™<r) = (i, X x , . . . , X m ) e U m . Hence = IcLm and 
consequently, I°(M,g) acts freely on (7r™_ 1 ) _1 (7 rm_1 ), thus proving the first 
item above. 

Moreover, if g\ is the Sasakian metric induced by g on TM (e.g., see [U 
l.K], [16l Section 7], j38j IV, Section 1]), then X°(M,g) acts by isometries of 
the metric on J m (R, M) given by 



where pr t :Rx ® m TM -» TM is the projection pr^i, X x , . . . , X m ) = X it and 
the image of the mapping l°(M,g) -> l°(J m (R, M), g m ), </> \-> (j)^ m \ is closed 
as it is defined by the following closed conditions: 



for every a S C°°(R, M) and every contact 1-form w on J m (R, M), by virtue of 
[37l Theorem 3.1]. From [3T] 5.2.4. Proposition] we conclude the second item 
above. 

The invariant functions 1 % : (■K™^ 1 )- 1 F m - 1 _{M) ->• R, 1 < i < u, induce 
smooth functions on the quotient manifold, Ii : Q m —> R. As 7i , . . . , I v is a 
complete system of invariants, the mapping T : Q m — > W whose components 
are 1%, . . . ,I V , is injective. 

The same argument as in the proof of Lemma 15.31 states the following prop- 
erty: If 4> : N N' is an smooth mapping, then the subset of the points x G N 
for which there exists an open neighbourhood U(x) C N such that (j>\u(x) IS 
a mapping of constant rank, is a dense open subset in N . Hence an injective 
smooth map 4> '■ X — > N' is an immersion on a dense open subset in N (cf. [24l 
Theorem 7.15-(b)]). By applying this result to T, we conclude the existence of 
a dense open subset O m C Q m such that T\Q m is an injective immersion. Hence 
for every ^(j^o) G O m there exists a system of coordinates on Q m defined on 
an open neighbourhood of g m (j"V) constituted by some functions 1^, . . . , 
k = dirnQ" 1 . As (q m )*C°°(Q m ) can be identified to the ring of differential 
invariants, we can take O rn — (g m ) _1 (O m ). 

Conversely, if j%a, j%a' S O m are such that q m (j%<j') ^ <7 m (j t "V), then 
there exists p e C°°{q m 6 m ) satisfying p(q m (j^cr)) = 0, p(q m {j%a')) = 1. As 
p o q m is an invariant function on O m by virtue of the hypothesis there exists 
/ e C°°(W) such that po{q m ) = fo(I 1 \ 6m , . . . , I v \ 6m ). Hence an index i must 
exists for which Ii(j™cr) ^ Ii(j™a'), thus proving that Ji,- • • , I v is a complete 
system of invariants. □ 




^(i)=UA)*(^) = 0, 



J°(J m (R, M), g m ), 
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Remark 5.10. If the injective immersion T: O m — > ] 
one has 

C°° (o m f° (M - 9) = {I U ...,I V )*C° 



i v is a closed map, then 
(R"). 



5.4 Generating complete systems of invariants 

Theorem 5.11. For every r G N, let k r be the maximal number of generically 
functionally independent r-th order invariants not belonging to the closed — in 
the C°° topology — subalgebra generated by the invariants of order < r, and their 
derivatives with respect to the operator D t . Then 



(40) 



(41) 



k r = N r — 1 — y^(r + 1 - i)kj, 



i=0 



m 



i=0 



Hence for every complete Riemannian manifold of dimension m, there exist m 
generically independent invariants generating a complete system of invariant 
functions by adding their derivatives with respect to D t for every order r < m. 
Moreover, k r = 0, Vr > m. 

Proof. Let J? G C°°(M), 1 < i < k Q < m, N a = 1 + k , be a maximal 
system of invariant functions of order zero. (If (M,g) is not homogeneous, 
then there exist zero-order differential invariants independent of t; because 
of this the proof must start on this order.) Therefore, the rank of the Ja- 
cobian matrix J"°(J°, . . . , Jj? o ) = (dlf/dxi) must be maximal; namely, 



TkJ° (Jf,.. 



= fc . Moreover, one has 
d(DJ) 



dx 



r+l 



df_ 

dxi 



as [d/dx*. +1 ,D t ] = d/dxl, Mr G N. 
/»...,/» D t J?,...,M on JHl 



V/ G C°°(J r (R, M)), 

Hence the Jacobian matrix of the functions 
I, M) is of the form 



J 1 (I 1 ,...,I° ko ,D t I° 1 ,...,D t ll) 



(8£\ 







and rk J 1 ^, J£ o , J) t J?, . . . , A J° ) = 2fc < -Wi - 1. We can thus complete 
the previous system with k\ — N 1 — 1 — 2kg new functionally independent 
. , II , in such a way that the Jacobian matrix of the full system 



invariants I[ , . 
is as follows: 



\dxi J 



J 1 (II , ■ ■ ■ ! Ik > , ■ • ■ , A Jfe , Jl , • • • , JfcJ 
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with rk J 1 (J?, . . . , I° kQ , DJl ...,D t ll,ll,..., Il ) = 2fco + h = Ni - 1. Let 
us consider the second-order invariants 




the Jacobian matrix of which is 








\ 












V 




and its rank is equal to 3fco + 2fci. Hence we need to choose k 2 new second-order 
invariants . . . ,lf 2 , with k 2 — N 2 — 1 — (3fco + 2fci), such that the matrix 



is of maximal rank, i.e., 3fc + 2ki + k 2 — N 2 — 1. Proceeding step by step in 
the same way, we conclude that the formula (f4T)|) in the statement holds true. 
Moreover, from this formula we obtain N r — 2V r _i = X)i=o^- According to 
Corollarv l5.5i we have N r = (r + l)m + 1 — dimi(M, g), Vr > m — 1, and then 
y\-_ fc, = iV m — iV m _i = m, thus proving the formula (1411) in the statement 
and finishing the proof. □ 

Remark 5.12. Following the same notations as in [14] . let H r +i — % (M, g)j<~(7 
be the isotropy subgroup of a point j^a belonging to the open subset W where 
the distribution D r is of constant rank (see Lemma \b. 31) . In [14] the following 
formula is mentioned: k r — dimi? r _i + dimiJ r+ i — 2dim_ff r in the homoge- 
neous case, i.e., M — G/H. Nevertheless, this formula holds on an arbitrary 
Riemannian manifold and it is an easy consequence of the formulas (|35p and 
([ID]). In fact, one has, dimi^+i = dimI°(M,g) - rk D r \ Ur . Hence 

dimi7 r _i + dimi7 r+ i — 2 dimiJ r = N r -2 + N r — 2N r -% = k r . 
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6 Congruence on symmetric manifolds 



Theorem 6.1. Let (M,g), (M,g) be two locally symmetric Riemannian ma- 
nifolds of the same dimension, m = dimM = dimM, and let a: (a,b) M , 
a: (a, 6) — > M be two Frenet curves. If xq = a(to), xq = &(to), a < to < b, 
then a and a are congruent on some neigbourhoods U and U of xo and xq, 
respectively if, and only if, the following conditions hold: 

1. For every j'gN and every < i < m — 1, 

(42) <(*) = <(*), |*-*o| < e. 

2. For every i, j,k,l = 1, . . . ,m, 

(43) R(X? ,X°,XZ,J a )(x Q ) = R(X?,Xf,XZ,4)(x )), 

(X°, . . . , X^), (Xf, . . . , X!^) being the Frenet frames of a, a, with dual 
coframes (u)^., . . . , CJ™j, (u)&, ■ ■ ■ , w™), and R, R the curvature tensors of 
(M,g), (M,g), respectively. 

Proof. From [201 VI, Theorem 7.7] we know every locally symmetric Riemannian 
manifold is analytic, and its associated Levi-Civita connection V also is, so we 
can apply Corollary 14.51 In this case, the conditions (|3"Tj) are simply (1431) . □ 

Theorem 6.2. Let (M,g) be an arbitrary Riemannian manifold verifying the 
following property: Two Frenet curves tr, a: (a, b) — > M, a(to) = <r(io) = x o, are 
congruent on some neighbourhood of Xq (preserving the orientation if dim M is 
even and reversing the orientation if dimM is odd) if and only if the conditions 
(|42[) and (|43[) of Theorem 16.11 hold. Then, (Af, g) is locally symmetric. 

Proof. Let us fix an orientation on a neighbourhood of xq £ M, and let (fi)^Li De 
a positive orthonormal basis of T Xo M. Let Kj € C°°(tQ — S, to + 5), < j < m— 1, 
5 > 0, be functions such that Kj > for < j < m — 2. From Theorem 13.61 we 
know there exist two Frenet curves a, a: (t ~ e, t + e) — > M, < e < S, such 
that a (to) = a (to) = x and Xf (to) = -Xf(t ) = v t (hence uj l a (t ) = -wl(t )) 
for 1 < i < m, with the same curvatures k^-, < j < m— 1. If dimM is odd, we 
considered the opposite orientation to construct a. According to this choice of 
orientations constructing the Frenet curves a and a, for every i,j,k,l = l,...,m, 
we have 

R {X?,Xf, XI, J a ) (x Q ) = R {-Xf, -Xf, -XI, -J a ) (x ) 

= R(Xf,Xf,XZ,w , 9 )(x ). 

From the hypothesis, an open neighbourhood U of the image of a and an iso- 
metric embedding (j): U —> M (leaving xo fixed) exist such that a = 4> o a. 
Moreover ^(Xf (t )) = X?(t ) = -X[(t ), 1 < i < m. Thus </>„ = -Idr mo M- 
Since xq E M is arbitrary, we can conclude. □ 
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Remark 6.3. Let (M, g) be a Riemannian symmetric space. Let G — 3°(M,g) 
be the connected component of the identity in the group of isometrics and let 
H be the isotropy subgroup of the point Xq . As usual, we set g = f) © m and m 
is identified to T XQ M. According to XI, Theorem3.2], the following formula 
holds: R(X,Y)Z = -[[X,Y],Z] for every X,Y,Z <E m. Therefore, if a basis 
(Yi, . . . , Yfj) for f) is fixed, then 

[X?,X?] = c? j Y a , cfj e ML 
[Yo»X° k \ = dl k X° h , <&eR. 

Hence, g([[X?,X?],X£],Xf) = cf 3 d l ak . Consequently, the condition (03J) can 
be rewritten as cfjd l ak = cfjd} ak , with the obvious notations for the curve a. 
Remark 6.4. According to Theorem 16. li on a locally symmetric Riemannian 
manifold (M,g) the \vn(m + 1) functions o f^i 1 < i < J < wi, and 
< fc < m — 1, defined in the formulas (f3"3"f and (fM)) of Remark l4.81 respectively, 
constitute a complete system of differential invariants in the sense that two 
curves with values in (M, g) are congruent if and only if the functions Jy o f m, 
Kk take the same values on both curves. 

Example 6.5. For M — CP™, from the formula for the curvature tensor in 
XI, p. 277], the Riemann curvature reads 

R4,(Xi,Xj,Xk,Xi) = j{dji5ik - Sjk^a + g (Xj,JXi) g(JXk,Xi) 

-g (X 3 , JX k ) g (JXi,Xi) + 2g (X k , JX t ) g ( JXj, A 4 )} , 

J being the canonical complex structure. In particular, 

i? 4 (X h X 3 ,X t , Xj) = f (l - Sij + 3lj (A,, X,) 2 ) , 

where U) is the canonical Kahler 2-form in CP™. Therefore, if we define the 
funcions ro y : (Tr™_ 1 )~ 1 T m - 1 {M) C J m (M, M) R, 1 < % < j < m, as 

m ij (j%*)=u{X?{1*),XJ(t )) ) 

the family {wij}i < j together with {xi}™^ 1 constitute a complete system of 
differential invariants. 

7 Congruence on constant curvature manifolds 

Theorem 7.1. Two Frenet curves a, a: (a, b) — > (M,g) taking values in an 
oriented Riemannian manifold of constant curvature are congruent on some 
neigbourhoods U and U of xq — cr(i ) and Xq — ofa), a < t < b, re- 
spectively if and only, K°(t) — nf(t) for < i < m — 1 and small enough 
\t — t \. Conversely, if on an oriented Riemannian manifold (M,g) two arbi- 
trary Frenet curves a, a : (a, b) — > (M, g) are congruent on some neighbourhh- 
ods of xq = a(to), xq — <j(to), a < to < b, if and only if nf(t) — nf(t) for 
< i < m — 1 and small enough \t — to\, then (M,g) is a manifold of constant 
curvature. 
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Proof. On a manifold of constant curvature k one has ([501 V. Corollary 2.3]): 
R(X, Y)Z = k(g(Y, Z)X - g(X, Z)Y)\ hence 

r (xf , x;, w £) = (fy^j - . 

It follows that on a manifold of constant curvature the equation (p[3"|) holds 
identically. The first part of the statement thus follows from Theorem 16.11 

Let (vi, . . . , v m ), (w%, . . . , w m ) be two positively-oriented orthonormal bases 
in T X0 M. 

From Theorem 13.61 there exist two Frenet curves a, a: (to — e, to + e) — > M, 
e > 0, such that, 

i) a(t ) = a(t ) = x , 

ii) xf(t ) = v h X?(to) = w l ,l<i<m, 

iii) K f(t) = /cf (*), < i < m - 1, \t - to\ < s. 

By virtue of the hypothesis, there exists an isometry <j> defined on a neigh- 
bourhood of xq, fixing xq, such that 4> o a — a. Hence <j)*(vi) = Wi, 1 < i < m, 
and accordingly M is an isotropic manifold (e.g., see [31]) and therefore of con- 
stant curvature. □ 

Two r-jets of curves jj cr, j't <7 € J t r (R, M) are said to be r- congruent, which 
is denoted by j% a ~ r 3t ^' ^ there exists an isometry defined on a neighbour- 
hood of a (to) such that 4^ r \jt ' J ) = Jt ^- It is obvious that "to be r-congruent" 
is an equivalence relation on Jf (R, M). 

Theorem 7.2. For every 1 < r < m, let Xhi — Xih, h,i — l,...,r, be the 
standard coordinate system in S 2 (M. r ). Given an oriented Riemannian mani- 
fold (M,g) of constant curvature, the mapping f^: J[ o (M.,M) — ¥ S 2 (M. r ) with 

components (xui ° /£f)(it c) = <?(V^ 1 T <J , VlfJ~T a )(to), h, i = 1, . . . , r, induces 
a homeomorphism between Jf Q (R,M)/ ^ r and the submanifold with corners 
Q r C S' 2 (R r ) of the positive semidefinite symmetric matrices. Hence, if M is 
simply connected and complete, then J[ (R, M)/3(M, g) = Q r . 

Proof. A symmetric matrix A £ S 2 (R r ) belongs to Q r if and only if all its 
principal minors are nonnegative, thus proving that Q r is a submanifold with 
corners. Certainly, the following properties hold: i) f 1 M ( J t r (R, M)) C Q r , and 
ii) /m(jT d ct ) = ftdUtoV) if ft Q ° and ft v are r-congruent. 

Firstly, we prove that f r M : J t r (R, M) — > Q r , r < m, is surjective. Given 
A = (dhi) r hA=1 G <2 r , let A' = (a^^j e Q m be the matrix obtained by 
letting al, = a^i for i < r, and ai ■ = 5^ for r + 1 < i < m. If there exists 
jj™cr such that /^(jt™' 7 ) = ^'j then /m0T o c) = A- Therefore, we can assume 
r = m. In this case, as A S Q m , there exists a m x m matrix £? = (fr/ii)™i = i 
such that A = Let («i, . . . ,« m ) be a positively oriented orthonormal basis 

in T XQ M . It suffices to prove the existence of a curve a: (to — e,to + e) — > M, 
such that, a(to) = xo and (Vy7 1 T <7 )t = J^iLi^hiVi, 1 < h < m. This fact is 
a consequence of the existence and uniqueness theorem for ordinary differential 
systems, taking the formulas @ into account. 
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If fli Ut a ) = fli OT T )' ^ en t ne Gram matrices of the systems (Vp <T 1 T <T ) to , 
(Vy7 1 r r ) to , 1 < h < r, are equal and consequently, there exists a linear isom- 



etry L: (T Xo M,g Xo ) -y (T Xo M, g Xa ) such that, L(V^ x T CT ) to - (V^T^ for 



1 < ft, < r. As (M, 5) is of constant curvature, there exists a local isometric em- 
bedding (f> of (M,g) such that, 0(xo) = Xo, 0*(a;o) = L, and one thus deduces 
^ Ut a ) = J7 T > Lc -' ^To C7 ~f Jto T - Hence : /m induces a continuous bijec- 
tion /j^-: J'[ o (R,M)/ >■ Q r , which is a homeomorphism as f r M is a proper 



Remark 7.3. The points in the interior of Q r correspond with r-jets of curves 
such that (T to , (V t T) to , . . . , (Vj _1 T to ) are linearly independent. In particular, 
Q m ~ 1 \dQ m ~ 1 correspond with the (m — l)-jets of Frenet curves. 

Corollary 7.4. The ring of differential invariants of order r < m over a man- 
ifold of constant curvature is isomorphic to C°°(Q r ). 

8 Some examples 
8.1 Euclidean space 

Theorem 8.1. If g = (dx 1 ) 2 + . . . + (dx m ) 2 is the Euclidean metric on R m and 
3T a ~ X ° G J^H^K" 1 ) is a Frenet jet, then 



Moreover, the functions t and D^x,: ( 7 r™_ 1 )- 1 .F m - 1 (M ) C J m (R,M) R, 
h + i < m — 1, where kq, . . . , x m -i are defined in the formula (|34p . are a basis 
for the algebra of differential invariants of order < m. 

Proof. The Lie algebra i(R m , g) has the basis constituted by the m translations 
Th = d/dx h , 1 < h < m, and the |m(m— 1) rotations Rij = x^ d / dx l — x" 1 d / dx^ , 
1 < i < j < m. As Ti, . . . , T m span D° over C°°(R m ), one has dimM x) = m, 

V(i,x) G J°(E,M) = M x M. Let (a;*)™! be the only Euclidean coordinates 
centred at x Q = a(t Q ) such that X?(to) = (d/dx l ) Xo , 1 < i < m, where (Af)™ 1 
denotes the Frenet frame for a. Let prol^r : i(K m , q) — > QZ r be the mapping 

JtQ JtQ 

proEr (A) = A& . According to the formula (|36p for the jet prolongation of 

JtQ JtQ 

a vector field, a translation T belongs to kerproEr if and only if T = 0, and 
the rotations i? = a)x j d/dx l , A = (a*)™ =1 G so(m), belonging to kcrproEr a 
are characterized by 



map. 



□ 




Hence 




r 



m 



d 

dxi 



E E 44(i t » 



= 



fe=0 i,i=l 
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or equivalently, A ■ U^ k — 0, 1 < k < r, with the same notations as in the 
formula ([1]). As the metric is flat, one has U a > k = V k n ~ 1 T' 7 for every k > 1 , and 
we conclude 

(yZ\...,u2 r ) = (x?(t ),...,x?(t )) 

= (d/dx 1 \ Xo ,..., d/dx r \ Xo ) . 
Hence R G kerproljr _ if and only the kernel of the matrix A contains the 

JtQ 

subspace W C R m of m-uples whose last m — r components vanish; it thus 

(r) 

follows that kerprol,r is generated by Rij for r + 1 < i < j < m, when 
r < m — 1: for r > m — 1, we have kerproEr = {0}. Hence 



= (T)-(V) 



2 



|2m — r — l)r. 



Moreover, if Ylo<h+i<m-i ^h d ( D t^i)j^cr = 0, then by applying this equation 
to d/dx 3 m \j^ a and taking the formula [d/dx 3 r , D t ] = d/dx 3 r _ 1 into account, one 
obtains 

= E« (ar 1 -**) coo 

= at 1 ^^) + Ar 2 ^p%>) + ■ ■ • + aS^co) 

UXni OX m _^ UX^ 

i=i 

where 

fc} = ^-(j t », i,i = l,...,m. 

By proceeding by recurrence on h + i, it suffices to prove A^7-i — 0, 1 < i < m. 

Let 7r r : J r (R, A/) -> R, 7r /r : J r (R, M) -> M be the projections 7r''(j t r cr) = i, 
7r' r (j t r cr) = cr(<), and let W fc be the local section of the vector bundle {n' m )*TM 
defined by, 

■ d 

U k = x{ — , Kk<m. 
k dxi ~ ~ 

The metric g induces a positive-definite scalar product on (Tr' m )*TM also de- 
noted by g. From the definition of the open subset of Frenet jets T m ~ 1 (M) in 
J m_1 (M, M) it follows that the system (U 1 , . . . , U m ^ r ) is linearly independent 
on the open subset J rm ~ 1 (M) x M TM in (7r" n_1 )*TM. By applying the Gram- 
Schmidt process on such open subset to the sections (U 1 , . . . ,U m ), one obtains 
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the following systems of local sections {X\, . . . , X m ), (3^i, ■ ■ ■ , y m ) of (n' m )*TM: 



y t = W - y[ 1 g (U\ X h ) X h , l<i<m, 
A",- = - — r i 1 < i < m — 1 , 

\y t \' ~ ~ 

X m = X\ x • • • x Ar ? 



m — 1 ) 



and according to [TTJ Theorem 4.2] one has Xi 



the very definitions, one deduces U k 



<3 ° 



U a ' k (see Q) and ^ 



1 < i < to — 1 . From 



(see Proposition [3T2]). Hence for 2 < z < to, we obtain 
and taking derivatives with respect to dx\ on the second formula, we have 

am 



\y< 



dx 1 , 



Therefore 



Hence 



det(fc})™ =1 = det 



3 i^i-i^-ii-ixr^ 



2<i< m . 



»J=1 



|^l|-|^-l|-|^| U " V) 

yiix 1 ) yi(x 2 ) 
y 2 {x 2 ) 



(\yir +2 \y m \w:^\ya\ 2 )u^<?) ' 



and accordingly, 



yi (x m ) 
y2(x 2 ) 



ymix 1 ) y m (x 2 ) ... y m (x m ) 



A^(ui\m _ det (^f (t ),...,Xg,(to)) (Jl, • • ■ , 34n) , , 
Qe H K jJij=l - . , m+2 , . |rrm -l,-. ,2 Ut CT J- 

As the vectors 3^1, • • • , 3^m are pairwise orthogonal its determinant is Il"Li 34 1 
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Hence 

1 

\yt\ m u7=i\y a 



i 



«o (*o) :2i: 3 ±ii «?(to) m - 1 «f (*o) m " 2 • • • C- 2 (*o) ' 



which is positive. Hence A* = 0. □ 



8.2 Few isometries 

Below we consider Riemannian manifolds (AT, g) such that, dim i(M, g) < dim M. 

Proposition 8.2. If {M,g) is a connected complete Riemannian manifold of 
class C w and i(M,g) admits a basis (X%, . . . ,X{) such that the tangent vectors 
((Xi) Xo , . . . , (Xi) Xo ) at a point Xq G M are linearly independent, then N r — 
mr + 1 + m — I, Vr > 0. The order of asymptotic stability of such manifolds 
is r = 1; namely, for every r > 2 a basis of differential invariants of order r 
can be obtained by applying the operator D t to a basis of first- order invariants 
successively. 

Proof. According to the hypothesis of the statement, the set of points x £ M 
for which ((Xi) w , . . . , (Xi) x ) are linearly independent, is a dense open subset 
O C M, and for every jja G J' (R, O) the homomorphism (ttJ)* : g^- CT -> S)° (t) 
is an isomorphism. The formula for N r now follows from Lemma 15.31 

If (t, is a basis of differential invariants of order 0, as Ni — 2m+l — I, 

then there exist I new invariants of (strict) order 1, say (Ii, . . . , Ii), such that 
(t, Ii + i, . . . , I mi D t {Ii+i), . . . , D t (I m ), h,...,Ii) is a basis of differential invari- 
ants of order 1. Actually, if 

o - c»^m - e:;' a- {-^^ + 1?^} . 

then X 1 must vanish, as rk(9/;+i /cW ') = m — I. We can repeat this process 
indefinitely as in Theorem 15.111 taking account of the fact that the number of 
differential invariants of strict order r in a basis of invariants is N r +\ — N r = 
m. □ 

Remark 8.3. If dimi(M, g) = 1 or 2, then i(M, g) always admits a basis of 
linearly independent vector fields at some point xo S M. In fact, if X, pX, 
p G C°°(Af), are Killing vector fields for g, then = L p xg = dp ■ c(X (g> <?), 
where the dot denotes symmetric product and c: TM ® S 2 T*M -> T*M is 
the contraction operator. As the symmetric algebra of every cotangent space 
is an integral domain, it follows c(X <8) g) = 0, but in this case pX would be 
a Killing vector field for every p, which contradicts the fact that i(M, g) is a 
finite-dimensional Lie algebra (e.g., see VI, Theorem 3.3]). 
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Proposition 8.4 (cf. [HI (1.3)], [M I.ll,Theorem 1]). Let (G,g) be a connected 
Lie group with Lie algebra Q endowed with a left-invariant Riemannian metric. 
Two smooth curves o\ , <ji : M — >• G are congruent with respect to G if and only 
*f 

(44) u{T ai {t)) = u{T a *{t)), V< G R, 

where ui G fi (G, g) denotes the Maurer-Cartan form. 

Proof. If there exists an element 7 € G such that o\ — L~ t o a 2 , then 



u{T^(t)) 



((L 7 )*a;) (T°>(i)) 
«(T°*(*)). 



Conversely, assume the equation (|44]) holds and let 7 G G be the only element 
such that 01(0) = 7 ■ 0-2(0). On the product manifold R x G, let Z be the 
vector field defined as follows: Z^ a) = (d/dt, u(T ai (t)) a ), V(t,a) G R x G, 
i = 1,2, where cj(r CTi (t)) Q denotes the evaluation of the left invariant vector 
field cu(T a ' (*)) G 2 at a G G for i = 1, 2; i.e., 



(45) 



w(T"(i)) a = — 
cm 



7 Q oexp (mw(T ct * (£))). 



u=0 



Hence cr,(i) = (i, <jj(t)) is an integral curve of Z, i = 1,2. Moreover, the curve 
a(t) = (t, (L 7 o<72)(i)) is also an integral curve of Z. In fact, from (l4"5"j) we obtain 



T*(i) 



,(L 7 ),T^(i) 



fit 

<9i' du 

d d 

dt J du 

d d 

dt 1 du 



L 1 . l2 ( t ) oexp(uw((7 7 )*T CT2 (i)) 



i 7 . 72 (t) exp (uu{T a2 (*)) 

1 

L T72(t) oexp(^(T ffl (i)) 



As cti(O) = (0, cti(O)) = (0,7 • 02(0)) = cr(0), from the uniqueness of a solution 
to a system of ordinary differential equations we conclude d\(t) — <r(t), Vi, i.e., 

(Ti = L~f o (J2. □ 

Corollary 8.5. Lei (G, g) 6e a connected Lie group with Lie algebra q endowed 
with a left-invariant Riemannian metric such that dim3(G,g) = dimG. Two 
smooth curves o~i,cr2'- R— > G are congruent with respect to 3°(G 1 g) if and only 
if (|44p holds. Moreover, a basis of invariants of order < r is {t, (7)t) fe (7)}k~J, 
w/iere 7 = (7i, . . . , 7 m ) : J^R, M) -» g are i/ie functions I(j]<j) = w{T a (t)). 
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Proposition 8.6. If(M,g) is a complete Riemannian connected manifold of 
class C w such that i(M,g) admits a basis (Xi, . . . ,X m ), m = dimM 7 with lin- 
early independent tangent vectors ((Xi) Xo , . . . , (X m ) XQ ) at xq G M , then (M,g) 
is isometric to (J° (M, g), g) / H , where H is a finite subgroup in G = 3 (M,g), 
and g is a left-invariant Riemannian metric. 

Proof. The mapping /i: G — > M, fi{<j>) = <f>(xo), is G-equi variant, i.e., 70/1 = 
/X o Lj, where 7 G G and L 1 denotes the left translation by 7. Hence ji is of 
constant rank and im.fi is an open subset in M by virtue of the assumption, 
which we claim is the whole manifold M. In fact, if x G <9(im/i), then there 
exists a sequence x n = 7™ (2^0) such that limx„ = x\ as the action of G is proper 
(see [22 5.2.4]), we conclude that there is a convergent subsequence 7„ fc —} 7. 
Hence x — 7(iEo) an d the image of fj, is a closed subset. Therefore the isotropy 
subgroup H of the point xq is a finite subgroup ([20l I, Corollary4.8]) in G and 
G/H = M, where H acts on the right on G. The metric g = n*(g) is invariant 
under left translations of elements in G; in fact, 

L*{g) = (L* o /i*) ( 5 ) = ( 7 o tf{g) = ftfig)) = »*{g) = g. 

□ 

Proposition 8.7. Let w. TG — > g be the Maurer-Cartan form of a connected 
Lie group G and let u>h- TG — > q/H be map given by LJh{X) = uj(X)modH , 
VX G TG, where H is a finite subgroup acting on the right on q by setting, 
X ■ h = Ad/j-i X , \/h G H , \/X G 0, and Ad denoting the adjoint representation 
of G. As u>h is H -invariant, it induces a "1-form" ut on M = G/H with values 
in the quotient g/H (which is not a vector space). With the same hypotheses 
of Proposition 18.61 about {M,g), two curves a\,a2- (ci,b) — > M are congruent 
under G if and only if, Q h {T^ {t)) = u) h {T° 2 (t)), Mt G (a, b). 

Proof. The curve cr; can be lifted to 7$: (a, 6) — > G, i.e., <7j(i) = 7i(t)modff, 
for i = 1, 2, as G — > M = G/H is a covering. The condition 7(0-1 (t)) — <T 2 (t), 
7 G G, is equivalent to 7 • 71 (t) = 72 (t) ■ h for some h G H. From Proposition 
[HUthis last condition holds if and only if, uj(T^(t)) = Lu((R h )*T^-(t)), Vt. As 
uj is left invariant, the previous equation is equivalent to the following: 

w(r»(i)) - u{{L h -x).(R h ).T»(t)) 

or equivalently, ujh(T 1:L (t)) = ujh{T l2 {t)), thus concluding the proof. □ 

Remark 8.8. As H is finite, the adjoint representation of H on g is completely 
reducible and a classical result (see [26]) assures that the algebra of smooth in- 
variants G°°(g) ff admits a finite basis, i.e., C°°(g) H = C°°\I\, . . . , Ik], h,...,Ik 
being if-invariant polynomial functions on g. Two curves a\, u% are congruent 
if and only if, I i (ui h (T (T1 (i))) = Ii(u} h (T a * (t))) for 1 < i < k; i.e., £o h can be 
replaced by the ordinary scalar invariants I\ o w/i, . . . , Jfc o u)^. 
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For dim3°(M, g) < dimM, as a consequence of the results in this section, 
we can state the following: 

Proposition 8.9. Assume (M, g) is a complete Riemannian connected manifold 
of class C u that satisfies the following two conditions: i) dim3°(Af, g) = I < m, 
and ii) there exists a basis (X\, . . . , X{) for i(M, g) such that the tangent vectors 
((Xi) Xo , . . . , (Xi) Xa ) are linearly independent at Xq £ M. We set G — 3°(M,g). 

Let S C M be a slice at xq, let U be a G-invariant neighbourhood of xq and let 
r: U — > G-xq be a G-equivariant retraction of the inclusion G-xq C U such that, 
1) r~ l (xo) = S (cf. [31, I, 5.1.11]), 2) the assumption ii) above holds for every 
x G S. Then, G x = G Xo for every x £ S, and we can define tl>h'- TU —> q/H, 
with H = G Xo , by setting, u)h(X) — uJh{^xX), where Qh - T{G/H) — > q/H is 
defined in Proposition 18.71 tt x : T x U — > T X (G ■ x) denotes the orthogonal g x - 
projection and the canonical isomorphism G ■ x = G/H is used. 

Let q: U — > U/G = S/H be the quotient mapping. If (x 1 , . . . , x m ~ l ) is a 
coordinate system on S/H , then Ii — x l o q is a system of m — I differential 
invariants of order zero on U. If o\,o~2'- (o,b) — > M are two curves such that, 
o~i{ta) — 02 (io) — x o, and <f>oo\= a%, for some <f> £ G, then 



b) The invariants I\, . . . , I m -li I> where I: J l {R,U) — > q/H, defined by 
I{j\a) = a)/ l (T <T (i)) ; are functionally independent. 

c) The invariants t,Ii,D t Ii, 1 < i < m — I, and I are a basis of first- 
order differential invariants and they generate the ring of invariant functions of 
arbitrary order r > 2. 



Theorem 8.10. Let (M,g) be a Riemannian bidimensional manifold of class 
C u , let O 1 C J 1 (R,M) be the open subset of immersive jets, which coincides 
with Frenet curves in this case (see Remark 14. 8|) . let (Xf,Xf) be the Frenet 
frame of an immersion a, let K 9 be the Gaussian curvature of g, and let V s be 
the Levi-Civita connection of g. The functions If: O 1 — > M, 1 < i < 4, defined 



by J? (j} o a) =g(T? o ,Tf o ), I§ (j t » = {dK"){X{), I§ (&<r) = (dK<>)(X$), 



and Ii(jl cr) = {V 9 dK 9 ){X^,X^) are invariant. If M M denotes the 
bundle of Riemannian metrics on M of class , then there exists a dense open 
subset U 5 C J 5 (A4) such that for every metric g for which j^g takes values in U 5 
the invariants (If, . . . , If) are functionally independent and two Frenet curves 
a, a with values in (M,g) are congruent on some neighbourhoods of xq = o-(t ) 
and xq — cr(io) if an d only if, the following conditions hold: 



a) u> h (T^(t )) =u h (T*»(to)). 



8.3 Surfaces 



«?(t) 



4(t), 



for small enough \t — t \, and 



(dK 9 )(X?)(x ) 
(dK 9 ) (X%)(x ) 
(y 9 dK 9 )(X°,X°) 



(dK 9 )(X!)(x ), 
(dK 9 )(X°)(x ), 
[V 9 dK 9 ) (Jff.Xf). 
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Proof. Let 7, : O — > R, < i < 4, be the invariant functions defined as follows: 
A s (j t » = «o(*o), 

jf(i t » = v g Rl{x%,x?,xz,x?,x%)(o-(t )), 

Wto*) = m 2 Rl(X^X^X^X^X^,X^(a(t )), 

i?| being the Riemann-Christoffel tensor of g. In local coordinates x — x , 
y = x 2 , x = x\, y = x\ , we have 

(46)/f = (I?)i = ( gil x 2 + 2g 12 xy + g 22 y 2 y , 
(47X| = Jf = (if) -1 (±#» + 

(48)f| = - (A 9 )" 1 det( fti )-i (( 5u i + g 12 y) K 9 y - (g 12 x + g 22 y) Kg) , 
(49X1 = ll = (l!y 2 (i 2 KV x + 2xyK° y + y 2 K? jy ), 

where g = Yli j=i 9ijdx l <g) dx^ , g\ 2 — g 2 i, which proves that (If,..., If) are 
invariant functions according to Theorem 14.41 and also that (Jo, If , . ■ ■ , If ) are 
functionally independent if and only if (If, If = If I 2 ,T§ = If If, If = (If) 2 If) 
are. Moreover, as a simple — although rather long — computation shows one has 

where $ is a polynomial function of the form 

$ {pl °,jl 9) = ®ii(3 5 xo g)Hjl v) 2 +®Mjl,g)x(j^^ 

and U 5 is given by ($n) 2 + ($i 2 ) 2 + ($22) 2 > 0. 

As dimJ 1 (R, M) = 5, we can conclude by simply applying Corollary 14.51 
because the rest of invariants depends functionally on (Io, If , . . . , 1%). □ 

Remark 8.11. From the previous theorem it follows that the order of asymptotic 
stability of generic Riemannian surface is < 2, which agrees with Theorem 15.41 
but the order of asymptotic stability is < 1, indeed. In fact, we can solve the 
equations (|46|) -(j49 |) for x, y, x, y and taking derivatives with respect to Dt we 
conclude that k\ can be written as a function of the invariants t,If,...,Ij[ and 
their total derivatives. 



8.4 3-dimensional manifolds 

In this section, (M, g) denotes a 3-dimensional simply connected complete Rie- 
mannian manifold of non-constant curvature. Because of the dimensional gap 
[Efl II, Theorem 3.2] (also see gj), dim3(M,g) < 4. If dimJ(M,g) < 2, then 
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not much more can be said about the structure of invariants of (M, g) in addi- 
tion of what has been said in general in the section 18.21 on the other hand, if 
dmx3{M,g) — 3 or 4 and 3(M,g) acts transitively on M, then the structure of 
invariants can fully be determined, as explained below. 

Theorem 8.12. Let (M,g) be a 3- dimensional simply connected complete Rie- 
mannian manifold such that, i) dim3(M, g) = 4 and ii) 3{M,g) acts tran- 
sitively on M . There exists a global unitary vector field Z on M such that, 
<fi ■ Z = Z for every <\> £ 3°(M,g) and the function 1\ : J 1 (R, M) — > M given 
by I±(jja) = g(Z a ^,T a (t)), is a first- order differential invariant. A complete 
system of differential invariants is given as follows: t, xq, Ii, and >c\. 

Proof. As is known (e.g., see [5], [BJ, [5]), any simply connected complete homo- 
geneous 3-manifold with 4-dimensional isometry group, fibres as an 1-dimensional 
principal fibre bundle over a homogeneous 2-manifold of constant sectional cur- 
vature k. The orthogonal distribution to the fibres is the kernel of a connection 
form the curvature of which has constant norm r. Such a principal bundle is 
usually denoted by {M KT , g K ,r)- In a certain fibred coordinate system (x,y,z) 
the metric reads as follows: 

(50) g K , T = / — 2 (dx 2 + dy 2 ) 

(l + |(a; 2 + y 2 )) 

2 

(ydx — xdy) + dz 



1+f (x 2 + y 2 ) 

The lines parallel to the z axis are the fibers of M K T . Moreover, the tangent 
vector field Z = d/dz is unitary and more exactly is the unitary infinitesi- 
mal generator defined by the right action of the structure group on M KjT as a 
principal bundle. 

We claim that every (f> e 3°(M K:T , g K , T ) maps fibres to fibres. Working on 
the expression (|50p of the metric g RT , one can check that the following vector 
fields are a basis for i(M KiT ,g K 



JK.T } 



d d d 

Xi = -2nxy— + (kx 2 - ny 2 - 4)— + 4tx— , 
ox ay Oz 

X 2 = Inxy^- + {kx 2 - ny 2 + 4)^- +4ry^-, 
oy ox oz 

d 3 
X 3 = -y^- + x—, 
ox Oy 



Z = 



d_ 

dz ' 



As [Z, X] = 0, VA e i(M K , r ,g K , T ), it follows • Z = Z, V0 e 3°(M K , T , g K , T ). If 
o~i : (a,b) — > M KlT , i = 1,2, are two curves such that, a\ = <f> o <ji for certain 
4> e 3°(M KlT ,g KtT ), then 5K , T (Z CTl(t) , T CTl (t)) = g^ T {Z a2{t) ,T^(t)), Vt e (a,b). 
Hence the function I\ in the statement is an invariant. 
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Moreover, from the formula for N r in Lemma 15731 (resp. Corollarv l5.5l) in this 
case one has N r = 3r + 4 - rk D r \ Ur (resp. N r = 3r, Vr > 4). As 3{M K;T , g KtT ) 
acts transitively on M KjT one has, rk£>9 t ^ = 3, for all (t, x) G M x M K:T \ hence 
Nq = 1, and the problem is reduced to compute rk2) r for r = 1, 2, 3. From the 
formula (|36p . one obtains, 

X\ 1] = -2nxy— + (nx 2 - ny 2 - 4)— + 4tx— 
ox ay oz 

d d d 

-2k (xiy + xyi) h 2k(xxi - yy{)-= h 4ra;i — , 

ox i oyi oz\ 

= 2Kxy— + (Kx 2 - K y 2 + 4)— + 4Ty— 
Oy ox oz 

d d d 

+2k (xiy + xyi) h 2k(xx! - yy\)- h 4-n/i — , 

aj/i axi ozi 



xr(D Odd d 

ox oy Oxi oyi 



dz 

As a computation shows, one has rk S 1 ]^ = 4 with U 1 — {jjcr : T a (t) 7^ 0}. 
As S) r is spanned by four vector fields, we conclude that rk5? r < 4, and since 
rkS r = rkS 1 " -1 + rk35 r > r - 1 by virtue of (35]), we finally obtain rk D r \ Ur = 4, 
Vr > 1. Hence N r = 3r, Vr > 1. 

For r = 1, the invariants are t, Zcq, and I\ 1 as they are functionally indepen- 
dent because of their expressions below, 

a - * m 2 - (*i) 2 + (yi) 2 



Moreover, as a calculation shows, the curvature function Hi: J- 2 (M) — >• K is 
given by, 

(^ ) 6 (^l) 2 = Oof ((9k,t)h {X2) 2 + (ff K ,r) 22 (V2) 2 + (Sk,t) 33 (z 2 ) 2 ) 
+ 2{x Q ) 2 ((j9k,t)i2 x 2V2 + (.9k,t) 13 X2Z2 + (5K,r) 23 IJ2Z2) 

+Ax2 + By2 + Cz2 + terms of order < 1, 

A, B, C being homogeneous polynomials of degree 6 in the following functions: 

1) x ,D t x ,xi,yi,Zi, 

2) the local coefficients (g K ,T)i<i<j<3 of g KjT , and 

3) the Christoffel symbols of the Levi-Civita connection of g KtT - 
Following the proof of Theorem 15.111 and by using the formula (|4"0|) , in the 

present case one has, fco = Nq — 1 = 0, k\ = Ni — 1 = 2, fc 2 = N2 — 1 — 2ki = 1. 
Hence there are two functionally independent invariants of order 1, namely Zcq, 
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Ii, and one invariant of order 2, which is %\. We claim the invariants t, zcq, I\, 
D t >co, D t I\, H\ are generically functionally independent. In fact, 



d *b|kerOrJ). 



2 (xidxi + yidyi) 

(l + f(^ + y2 )) 2 



, T | T(y(5xi - xSyi) 

iJ£er(,ir j* ^ _|_ I ^2 _|_ y2"j 



2 (jgijag + yi5y 2 ) 
(l + |(xa + y a)) a! 



(x ) Xid>fi = {0 re ,r) U ^2 + {gK,r) l2 V2 + {g K ,r) 13 Z 2 } Sx 2 

kcr(7r^)* 

+ {(5k : t) 12 2:2 + (9k,t) 22 Vi + (5k,t) 23 z 2 } Sy 2 

+ {(.9k,t) 13 ^2 + (.9k,t) 23 2/2 + (ffK,-!-) 33 ^2} ^2, 

where Sx r = dx r \ kcl . {Ki)r , Sy r = dy r \ kcliKi ) t , Sz r = dz r \ kcr ( K i)r for r = 1,2. 

As 3 = ^j = o&i> by virtue of (|41[) . it follows fcj = 0, for i > 2; i.e., the 
subalgebra generated by the invariants of order < 3, and their derivatives with 
respect to the operator D tl exhausts the algebra of invariants for every order 
i > 2, and the given system is thus complete. □ 

Theorem 8.13. Let (M,g) be a 3 -dimensional simply connected complete Rie- 
mannian manifold of class C u such that 3(M,g) is a 3- dimensional group act- 
ing transitively on M. Then (M,g) is isometric to g),g), g being a 
left-invariant Riemannian metric. A complete system of invariants are: The 
function t and the three first-order invariants given by Ii(jjo~) — 0Ji(T a (t)) , 
1 < i < 3, (u>i, uj 2 , u> 3 ) being a basis for the Maurer-Cartan forms. 

Moreover, with the same notations and results as in [17] , the metrics g are 
the following: 

(i) For the group PSL{2,R) (resp. SU{2)), g = A(wi) 2 + ^i(uj 2 ) 2 + v(w 3 ) 2 , 
X,^,iy <E R + ; with /i > v (resp. A > [X > v), where (u)i,ui 2 , ui 3 ) is the dual 
basis of a basis (Xi,X 2 ,X 3 ) of the algebra of left-invariant vector fields 
such that, 

[X U X 2 ] = X 3 , [X 1 ,X 3 ] = -X 2 , [X 2 ,X 3 ] = -X U G = PSL{2,R), 
[X 1 ,X 2 \=X 3 , [X 1 ,X 3 ] = -X 2 , [X 2 ,X 3 ]=X 1 , G=SU(2). 

(ii) For the unimodular solvable group M 2 x^E, with coordinates (x, y, z), and 
ip(z) = diag(exp(z), exp(— z)), u)\ = exp(— z)dx, ui 2 — exp(z)dy, oj 3 = dz, 

g = (u)i) 2 +(uj 2 ) 2 +v(u) 3 ) 2 or g = (cJx) 2 +u>x<Siuj 2 +uj 2 iSilJi+ fx(u} 2 ) 2 +v((J 3 ) 2 , 

(J, > 1, v > 0. 
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(iii) For the group E a (2) = CxR,g= (cji) 2 + ^(w 2 ) 2 + ^(w 3 ) 2 ; £ E+, with 
< fj, < 1, u)\ = cos(2ttz)cIx + sm(2TTz)dy, w 2 = am{2irz)dx — cos(27r z)dy, 

= dz, x + iy G C, zgl. 

(iv) For the non-unimodular solvable group G c = R 2 xi ¥ , c R, wii/i c ^ 0, and 

1 \ ( — cz \ / a}(z) ai(z) \ 

<^ c (z) = exp . = J) \ I) I , zel, 

u!i = a\{— z)dx + a\{— z)dy , UJ2 — z)dx + a?,(— z)dy, 103 — dz, we have 

(iv.a) If c < or c > 1, then g = (uji) 2 + fi(u} 2 ) 2 + K^ 3 ) 2 ,. < f-i < \c\, 
v > 0; if c = 1, the metrics g = {oj\) 2 + A(oji ®ui2 + w 2 ® + ^(o>3) 2 , 
< A < 1, v > 0, must also be included. 

(iv.b) I/O < c < 1, then 

, (u + l)c — 2 , .0 1 w - 1 , . 

+i^-|m 2 + j ,m 2 , 

rntt < (j. < 1, v > 0. 

Proof. According to Proposition 18.61 the Riemannian manifold (M, g) is iso- 
metric to (G = 3°(M,g),g), g being a left-invariant Riemannian metric and 
according to Proposition 18.71 t and I\ , I 2 , ^3 constitute a complete system of 
invariants. 

(i) Assume G = PSL(2,R) or S I J7(2), and let X L (G) (resp. £ fl (G)) be the 
Lie algebra of left (resp. right) invariant vector fields. As G is simple and g is 
left invariant, we have (see [lOl (5.1)Theorem], [30j Theorem 5]), 

X R (G) C i(G,.g) C X L {G) + X R (G). 

As a calculation shows, X L (G) n X^(G) = {0}. Hence dimi(G,g) > 4 if and 
only if there exists a left-invariant Killing vector field 4/0. In this case 
(-Rexp(tA) £ cxp (-tA))*5 = .9, and taking derivatives, 

(51) g(X,[A,Y])+g{[A,X],Y) = 0, VX,FeX L (G). 

We follow [25] ■ If A = Yli=i a iXi, ai G R, then the equation (j5Tj) is equivalent 
to the system ai(c£-A fc + c^A,-) = 0, 1 < h < j < 3, g = g =1 A,(^) 2 , 

c* fe being the structure constants in the basis {X\, A 2 ,X 3 ). For PSX(2,R) the 
previous system becomes, ai(A 2 — A3) = a 2 (A3 + Ai) = as(Ai + A 2 ) = 0; hence 
02=03 = 0, and the value of a\ is necessarily if and only if A 2 ^ A3. For 
SU(2) the system is, (A3 — A 2 )ai = (A 3 — Ai)a 2 = (A 2 — Ai)a 3 = 0; hence 
ai = a 2 = a 3 = for Ai ^ A 2 ^ A 3 ^ X 1 . 

(ii) If G = R 2 x v M, then it is readily seen that X R (G) = (Y 1 ,Y 2 , Y 3 ), with 
Yi = d/dx, Y 2 = d/dy, Y3 = xd/dx — yd/dy + d/dz. We know (see [17l Corollar 
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4.5]) that (G,g) is not of constant curvature. If dimi(G, g) = 4, then according 
to Theorem l8 . 1 21 there exists a unitary vector field Z = fd/dx + gd/dy + hd/dz, 
f,g,h G C°°(x,y,z), in the center of i(G,g). From [Y^Z] = [Y 2 ,Z] = 0, it 
follows that /, g, and h depend on z only, and by imposing [Y3,Z] = 0, one 
obtains f(z) = aexp(z), g(z) — 6exp(,z), h{z) — c, with a, b, c G M, and the 
condition Lzg — (for both classes of metrics in the statement) is easily proved 
to imply a = b = c = 0; hence \{G,g) coincides with X R (G). 

(hi) Similarly, in this case we have X r (Eo(2)) = (Yi, Y 2 , Y3), with Y\ — d/dx, 
Y 2 = d/dy, Y3 = 2nyd/dx — 2nxd/dy — d/dz. As in the previous case, the 
assumption dimi(£ , (2), g) — 4 leads one to the following equations for the 
vector field Z: f(z) — acos(27rz) + 6sin(27rz), g(z) — asin(27rz) — 6cos(27rz), 
h(z) = c, with a, b, c G M. Taking account of the fact that /J, ^ 1, the condition 
= then implies a = b = c = 0. 

(iv.a) In this case, X r (G c ) = (Y U Y 2 ,Y 3 ), with Y 1 = d/dx, Y 2 = d/dy, 
Y3 = —cyd/dx + (x + 2y)d/dy + d/dz. The assumption dimi(G c , 5) = 4 leads 
one to the following equations for the vector field Z: f(z) — aa\(z) + fia\(z), 
g{z) = aa\(z) + /3a 2 (z), h(z) = 7, with a,/3,7 G K. By imposing Lzg = for 
any one of the metrics g = (uji) 2 + h(uj 2 ) 2 + ^(ujz) 2 , < \i < \c\, v > 0, or 
g = (uji) 2 + \(uji ® w 2 + uo 2 ® uji) + v{uj?,) 2 , < A < 1, u > 0, when c = 1, one 
concludes Z = 0. 

(iv.b) This is case follows by proceeding as in the previous one. □ 

Remark 8.14. The other metrics in |17j admit a group of isometrics of dimension 
either 4 or 6. 

The results in the sections [71 18.21 and 18.41 allow one to solve the equiva- 
lence problem completely in dimensions 2 and 3. In fact, if dimAf = 2, then 
dimi(Af, g) < 3; if dimi(M, g) < 2, then the results in section I5T21 apply, and 
if dimi(M, g) = 3, then (M,g) is of constant curvature and the classification 
follows from section [JJ Similarly, if dimM = 3, then the cases dimi(M, g) < 3 
also follow from section [821 the cases dimi(M, g) — 3 or 4, with (M,g) Rie- 
mannian homogeneous, follow from section f8T4| and the manifold is of constant 
curvature in the case dimi(Af, g) — 6. The non-homogeneous case dimAf = 3 
and dimi(Af, g) — 4 cannot occurr as the isotropy subgroups of the action of 
3(Af, g) should be 2-dimensional tori, which is not possible. Moreover, the non- 
homgeneous case dimAf = 3 and dimi(Af, g) — 3 is further covered by the 
following 

Proposition 8.15. If(M,g) is a 3- dimensional Riemannian connected mani- 
fold such that i(M,g) = {Xi, X 2 , X3} is ^-dimensional but (Xi) x , (X 2 ) x , (^3)2, 
are linearly dependent for every x G Af , then the orbits of the isometry group 
G = J°(M,g) on M are generically surfaces of constant signed curvature. Let 
U be a coordinate neighbourhood of a generic point xq G Af with coordinates 
(x , x 2 , x 3 ), x l G V 1 C K, such that the foliation of the orbits of G intersected 
with U are given by x 1 = constant. Then x 1 is a differential invariant of or- 
der zero on U. If n x : T X U — > T X (G ■ x) denotes the orthogonal g x -projection, 
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X G U ,then the function x$ : J 1 (M, U) —> R defined by Xo{jl<j) — xq (tt x (o~' (t))) 
is a first- order differential invariant on U. The coordinates (x 1 , a; 2 , a; 3 ) induce a 
decomposition J 2 (R, U) = J 2 (K, V 1 ) x J 2 (R, V 2 x V 3 ). Let tt 2 be the projection 
onto the second factor. 

The function K\\ J 2 (R, U) — > R defined by >c\(j 2 a) = yc\(pi(jt c)) is a 
second-order differential invariant on U, where h\ is the curvature function of 
the surfaces of the foliation. 

Finally, the functions x 1 , kq, and yc\ are a complete system of differential 
invariants on U . 

The proof of the proposition above is similar to that of Proposition 18.91 and 
it will therefore be omitted. 

We should also remark on the fact that the situation of the previous propo- 
sition can happen even in simple cases. For example, the isometry group of the 
metric 

g = (1 + x 2 )dx 2 + (1 + y 2 )dy 2 + (1 + z 2 )dz 2 + xy (dx ® dy + dy (g> dx) 

+xz (dx <E) dz + dz <£) dx) + yz (dy Cg> dz + dz <S> dy) 

on M 3 is 0(3). 
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